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Abstract – In this paper, a new method for the direction of arrival (DoA) estimation using sparse representation 

of covariance matrix is proposed by using a non-uniform linear array. By vectoring of covariance matrix of non-

uniform linear array, a new vector will be derived. This vector is similar to received vector of a virtual uniform 

linear array with a large number of antennas. As the covariance matrix of this vector is rank one, then the DoA of 

one source will be estimated. An approach to solve this problem is spatial smoothing technique. In this method, the 

obtained array is divided into multiple sub-arrays and the covariance matrix of each sub-array will be estimated. 

Using the average of sub-arrays covariance matrix, a new full rank covariance matrix will be obtained. By 

quantizing the continuous angle space into a discrete set, DoA estimation can be modeled as a compressed sensing 

problem. The DoA of sources will be estimated by minimization of the difference between obtained covariance 

matrix and its estimation. The estimated DoAs has an error due to quantization of continuous angle space. To 

improve the estimation accuracy, we propose a method. Simulation results show that the proposed method can 

improve the estimation accuracy. 
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I. INTRODUCTION 

In recent decades, much research is done on the direction of arrival (DoA) estimation using array signal 

processing has been focused on arrays with uniform linear structure [1-5]. A uniform linear array with N 

antennas using subspace algorithms such as MUSIC can estimate the maximum N-1 direction of arrival [6]. To 

estimate additional sources, the number of antennas has to be increased, which leads to increased cost as well 

as hardware complexity. In recent years, linear arrays with a non-uniform geometric structure have been 

proposed to a virtual increase of the number of antennas. In these structures, an array with much more 

antennas than actual array antennas are made by vectoring of the received signals correlation matrix. Two very 

important classes of uniform linear arrays are Nested array [7] and Co-prime array [8]. In the structure 

proposed in [7], an array with a Nested structure is proposed, in which a virtual array with an antenna from 

 2N  rank is achieved using an N antenna. However, in this structure, the proximity of some antennas to 

each other results in an increased mutual coupling effect. In section [8], a structure as the Co-prime array is 

proposed. This array is made of two sub-arrays with M and N antennas. It is shown that in this structure, the 

number of virtual antennas of the rank O (MN) can be obtained using M + N-1 real antenna. For this reason, 

the Co-prime array has attracted more attention.  

Using the Co-prime structure, the number of array antennas is virtually increased and can be used for 

direction of arrival (DoA) estimation. Two methods are proposed for direction of arrival (DoA) estimation 
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using a virtual array structure. The first category is subspace-based methods such as the MUSIC method. In 

[9], a spatial smoothing method is used aiming for direction of arrival (DoA) estimation using the MUSIC 

algorithm and it is shown that the number of more sources than the number of array antennas can be 

estimated. However, due to using spatial smoothing, the number of virtual antennas has decreased in the 

method used [10]. In the second category, the idea of sparse-based retrieval is used for the direction of arrival 

(DoA) estimation [11]. In this method, the number of virtual antennas is not reduced.  

In these methods, more DoAs than the number of actual array antennas are estimated. However, as the 

number of sources increases, the accuracy of DoA estimation may be declined dramatically. To tackle this 

problem in [12], DoA estimation is formulated as an optimization problem to minimize the discrepancy 

between the correlation matrix obtained from spatial smoothing and the correlation matrix of spatial sparse 

corresponding to the virtual array.  

Since in this method, the whole continuous angular space is subdivided into a set of discrete angles, entries 

such as the angles from which the signal enters the array are estimated by compressed sensing methods. In 

practice, sources’ arrival angle may not belong to the discrete set, so DoA estimation will be associated with an 

error in this case, which is a so-called off-grid error. 

So far, various solutions have been proposed to solve the off-grid error problems. In section [13], a method 

for estimating the entry angle using the Sparse Bayesian learning (SBL) in presence of off-grid error is 

presented. Applying a covariance matrix-vector, a new off-grid model with more antennas is obtained. Using 

SBL, the entry and error angles of off-grid are estimated. The problem with this method is the high complexity 

of the SBL algorithm.   

In this paper, a new approach for off-grid error estimation is proposed. In the proposed method, a co-prime 

array is used and a virtual array with a large number of antennas is formed using vectoring of correlation 

matrix of the received signal vector. By dividing continuous angular space into a discrete angular set, the first 

an initial DoA estimation is computed, and then in the second step, an off-grid error is computed by proposing 

a minimization issue.  

Signs: In this paper, scalars are shown in normal letters, vectors in small bold letters, and matrices in large 

bold letters. NI  shows the unique N N  matrix.  
.

.  is a conjugate sign,  . T  is transpose sign and  .
H  is 

mixed conjugate sign.  .vec  is a matrix vector operator and  diag x  is a diameter matrix that vector elements 

of  x are placed on the main diameter valves. 
5 2 1

. , . , .  and specifies zero norm, one norm and two norm 

respectively.  sign shows Kronecker multiplication of two vectors or two matrixes. 

II. SYSTEM MODEL 

According to Figure 1, a non-uniform linear array consisting of two linear sub-arrays with 2M and N 

antennas (M <N) is considered, respectively. As shown in the figure below, the distance between the antennas 

is Nd in sub-array with 2M antenna, and the distance between the antennas is Md in sub-array with N antenna. 

The set of antennas’ settlement locations is shown with  1 2 2 1,  , , M NU u u u d   . Without losing the totality 
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totality of the problem, it is assumed that u_1 = 0.  

It is assumed that the D narrow band signal of the far-field is radiated to this array from  1 2, , ...,
T

D      

angles. According to [14], the signal vector received by the array at time t is modeled using equation (1) as 

follows: 

             
1

   x a n t A s n

D

m m

m

t θ s t θ t t
                              (1) 

 

Fig. 1. The structure of Co-prime array. 

In equation (1),  1 2( ) ( ), ( ), ..., ( )DA a a a     is conductor matrix,  1 2( ) ( ), ( ), ..., ( )
T

Ds t s t s t s t  is sources signal 

vector and          2
1 2 2 1,  ,  ,  ~ 0,     n I

T

M N nt n t n t n t σ  shows measurement noise in the array antennas, which 2
n   

is noise exponent. Kth column of the conductor matrix is defined as the following equation: 

 
   2 2 12 2

cos cos

1,  , ,
  

  
 
 

a

M N
k k

T
πu d πu d

j θ j θ
λ λ

kθ e e                                   (2) 

The correlation matrix of the received signal vector is defined as follows:  

            2 2

1
  


    xR E x x a a I I

DH H H
m m m n s n

m
t t p θ θ σ A θ R A θ σ                         (3) 

In equation 3,     sR s s
H

E t t  is the correlation matrix of sources vector, mp  is the exponent of mth source 

and I is unit matrix with 2 1 M N  size. The signal sent from different sources is considered to be uncorrelated, 

so the correlation matrix of the resource vectors is represented as equation (4):  

1 2( ) ( ) ([ , , ] )...H T

s DR Es t s t diag p pوp                                       (4) 

Given the resource correlation matrix is diagonal, the correlation matrix of the received signal vector can be 

rewritten as follows (5): 

    2

1

 xR a a I
D

H

k m m n

m

p θ θ σ                           (5) 

In practice, the correlation matrix cannot be calculated and is estimated using time observation T from the 

received signal vector. 

   
1

ˆ 1



 x x x

T
H

t

R t t
T

                                                         (6) 
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In equation (6), ˆ
xR  is Maximum similarity estimate of 

xR  matrix. When the number of observations 

approaches to infinite then ˆ
xR  will approaches to 

xR  value 5] 1. However, due to the finite number of 

observations in practice, the correlation matrix estimation has a large error. This error will result in a loss of 

accuracy in DoA estimation.  

III. DOA ESTIMATION USING SPARSE REPRESENTATION OF COVARIANCE MATRIX 

Normally the number of sources estimated by an array is limited to the number of array antennas. To 

increase the number of antennas using the Co-prime array, the virtual array covariance matrix is first formed 

using the Co-prime array correlation matrix. By vectoring of the estimated correlation matrix, the following 

relation will be obtained [16]: 

    2ˆ  xz vec B p inR θ σ                                                       (7) 

In equation (7): 

             * * *
1 1 2 2[ ,  , , ]    B a a a a a aD Dθ θ θ θ θ θ θ                       (8) 

A matrix with  
2

2 1  M N D  size is     1 2,  , .., p diag P
T

Dp p p  and   .i vec I  Z vector is equivalent to the 

observation matrix of a virtual array with a conductor matrix   .B θ  In this case, z is similar to the signal 

received at a moment, so the rank of the covariance matrix is one. Therefore, DoA cannot be estimated using 

covariance matrix methods. 

To solve this problem, spatial smoothing technique has been proposed [9]. Because spatial smoothing 

requires a uniform linear array, first    2 1  
1

 
B

MN D
θ  matrix is formed. The lines of  1B θ  matrix are formed by 

removing duplicate lines from  B θ  and displacing of lines in such a way that  1B θ  is equivalent to 

command matrix of a virtual linear array with 2 1MN  antennas, which its antennas are located at MNd  to 

MNd  places.  

The new matrix is obtained as follows [16]: 

  2
1 1 1 z B p inθ σ                                                          (9) 

In equation (9), i1 is a vector with 2 1MN  long. All entries of i1 vector are zero, except for 1MN  entries 

that equals to 1. 

After calculating the new vector of z1, the obtained virtual linear array is divided into subarrays with 1MN   

antennas. Ith subarray from entries   1 ,  0,1  ,  ,     i n d n MN  from z1 is obtained as follows: 

2
1 1 1 B p ii i iz σ                                                              (10) 

In equation (10), is obtained using 2 i MN  to 2 i 2MN  from Matrix B1 and i1i is a zero vector which 

the value of its ith entry is 1. By calculating the correlation of the signal of sub-array ith, the correlation matrix 

with rank 1 is formed: 
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1 1 H
i iR z zi

                                   (11) 

The smoothed covariance matrix can be obtained by averaging from Ri as follows [12]: 

( 1)

( 1)

1/ ( 1)
MN

s i

i

R MN R




                                         (12) 

Matrix Rs is a full rank matrix. MN DoA can be estimated using this matrix. 

IV. DOA ESTIMATION COMPRESSED SENSING 

In this section, we estimate DoA using compressed sensing. For this purpose, D is replaced by an integer 

much bigger than .D  D specifies the number of angles the signal may receive from those angles in the array. In 

this case, the corresponding covariance matrix can be represented as follows: 

       2 2

1

 



   x a a I I

D
H H

m m m n n

m

R p θ θ σ A θ P A θ σ                                  (13) 

The diagonal matrix  1 2,  ,  ,      diag
T

D
P p p p  includes D  exponent of possible source with angles 

1 2,  , ,     

T

D
θ θ θ θ  

and        1 2,  , ,   
 
a a a

D
A θ θ θ θ  is the command matrix corresponding to   angles. Matrix P  diameter is sparse; 

in other words, a limited number of entries on the diameter of matrix P  is non-zero.  

The initial idea for displaying sparseness of covariance matrices is to minimize the difference between 

estimated covariance matrix xR  and retrieved covariance matrix xR  under sparseness limitation. 

Using this method for DoA estimation poses two major challenges. The first challenge is the approximation 

obtained for the noise variance. This approximation is invalid when the number of sources is greater than that 

of the number of array antennas. The second challenge is to determine the approximate threshold when the 

number of sources is unknown. These two challenges lead to a decline in performance. To overcome the two 

challenges presented, the smoothed covariance matrix difference and its estimation are used: 

    2  x
H

nR A θ P A θ σ I                                       (14) 

In Equation (14),        1 2,  ,  ,  
 D

A θ a θ a θ a θ  is the command matrix of virtual array with MN antenna and I   

is the unit matrix with MN+1 dimension. The problem of DoA estimation based on sparse retrieval is 

formulated as follows: 

2 0
,

min
np

p

                                                              

(15) 

Subject to 2 2( ) ( )H

s n F     R A PA I  

20 0n p  

In equation (15),   p diag P  shows spatial spectrum distribution and  is a bound for covariance matrix 

estimation error. The condition 0p shows that each element from vector p  is bigger than or equal to zero. 
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The purpose of solving the problem (15) is to find the sparsest response for p  vector and noise exponent in 

such a way that the difference between matrix Rs and retrieved matrix
xR is minimized. 

The minimization problem presented in (15) is an NP hard problem because of the term related to zero 

norm, which is an insoluble problem. Using the norm zero to norm one conversion, the problem raised in (15) 

can be formulated as follows: 

2 1
,

min
np

p  (16) 

Subject to 2 2( ) ( )H

s n F     R A PA I

 

20 0n p  

Problem 16 is a convex minimization problem. Besides, the above minimization problem can be illustrated 

as follows: 

2

2 2

1
,

min ( ) ( )
n

H

s n F


     
p

R A PA I p

           
(17) 

Subject to 20 0n p  

In equation (17),   is regularization parameter that establishes a compromise between the spatial spectrum 

sparseness and the estimation error resulting from the retrieval of 
xR  covariance matrix. Problem 17 is convex 

and easy to solve. After solving the problem (17), the angles are estimated by finding the location of the local 

peaks of the vector P . 

Proper selection of the regularization parameter in many scenarios is complicated. When the regularization 

parameter is not correctly selected, there is no good compromise between spatial spectral sparseness and the 

estimation error due to covariance matrix retrieval. When the large λ value is selected, the spatial spectrum 

becomes sparser, which may lead to errors in the location of the actual peaks. On the other hand, when the 

small λ is selected, sparseness constraint disappears. Experimental methods are used to select the 

regularization parameter in the current methods. 

V. SUGGESTED METHOD 

Suppose that  1 2, , , 
D

θ θ θ θ is a constant segmentation of continuous angular space. Without losing the 

totality of the problem, it is assumed that the two consecutive members of the set θ  are the same and equals. 

2 1. r θ θ  If  1 2, , , i D
θ θ θ θ  is established for some 1, 2,  ,  i D,  and 

inθ  is the closest member from the set   to 

the DoA iθ , the command vector  a iθ
 can be illustrated as expanding first-order Taylor as follows: 

         a a b
i i ii n i n nθ θ θ θ θ                                              (18) 

Which, in this equation,     ./b a
i i in n nθ d θ dθ  Definitions      1 2, , ,    

 
a a a

D
A θ θ θ  and      1 2,  , ,    

 
b b b

D
B θ θ θ  

،
1 2,  , ,     D

β β β β  and     Φ β diagA B β  are done, which  
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0,                      otherwise

if  



i ii n i n
i

θ θ θ θ
β                                               (19) 

Given the approximation error in the summing noise, equation (19) can be rewritten as follows:  

2

2 2

1
, ,

min (   ( ))  (   ( )       
n

H

s n Fdiag diag


     
p β

R A B β P A B β I p                                                      (20) 

Subject to 20 0,
2 2

n

r r
    p β . 

This kind of modeling is called the off-grid model. 

Note that in the above problem, in addition to estimating P  and 2
nσ , vector   should be estimated. In this 

model, DoAs are specified using P  and  estimated vectors.  

Given that the solution to the above two problems must be accounted for, this problem is not convex. The 

following is an introduction to the proposed error estimation solution to correct DoA. 

In the presence of off-grid error, in addition to P vector estimation, it is also necessary to estimate the β 

vector. It is not possible to simultaneously estimate the two parameters because, in this case, the problem goes 

out of convexity. We suggest a two-step solution to solve this problem. In the first step, assuming zero error, an 

initial estimation of directions is obtained using the minimization problem (17). Secondly, by minimizing the 

difference between the Rs matrix and its estimation, the error vector is obtained. 

2 2
min (  ( ))  (  ( ))    

2, ,

H
R diag diags n F

n





   A B β P A B β I

p β

  

Subject to 
2 2

r r
  β

                                                                                                          
(21) 

To solve this problem, existing toolboxes can be used to solve optimization problems such as CVX. After 

estimating the error vector, DoA can be modified as  kθ θ β  

VI. STIMULATION RESULTS 

In this section, the performance of the proposed method for DoA estimation using simulation is evaluated.  

In section [17], a method of estimating an angle based on continuous compression sensor is presented, in 

which the angles are estimated without breaking the angular space. The results of the proposed method will be 

compared with what is stated in the reference. 

The structure of co-prime is developed with 2 2 3 6  M and 5N   sensor. In fact, the real array includes 

2M + N – 1 = 10 sensor. The sensors are located at  0, 3, 5, 6, 9,1  0,1  2,1  5, 20, 25 d.  Summing noise is considered as 

a Gaussian random process with mean zero.  

Two different simulation classes are performed to evaluate the proposed method. In the first category of 

simulations, the number of sources is D = 1 and in the second category, the number of sources is D = 3. In each 
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iteration, the sources angle simulation is randomly generated in the range of 0 to 180 degrees. The angular 

space is divided by steps of one degree. Regularization parameter   equals to 0.25 and the number of simulation 

iteration is considered 1000. 

The criterion for evaluating the accuracy of the proposed method is the root mean square error. The root 

mean square error is defined as:  

 
2

,
1 1

ˆ1

 
  RMSE

I D

m m i
i m

θ θ
ID

                                     (22) 

In the equation above, I is the number of experiment iteration, D is the number of sources, 
,

ˆ
m iθ is estimation 

m
 in ith experiment iteration. The first scenario is examined first. Assuming that there is only one signal 

transmit source, the figure shows the error curve in terms of SNR per T = 500 time observations. 

As shown in Figure 2, with the increase of SNR, the error rate of the proposed method also decreases, while 

in the method proposed in [12], the error is constant with increasing SNR. The reason is the off-grid error. 

Since angular space here is divided by the steps of a degree, there will be a constant error in the estimation. 

While in the proposed method, this error is easily compensated. Also, [13], [17] methods do not improve 

significantly with increasing SNR. 

 

Fig. 2. RMSE curve in terms of SNR per observation number 500 and in the presence of a source. 

In Figure 3, the RMSE error curve is simulated for the case where the number of sources is D = 3. The 

results obtained in this figure show that the proposed method for the case where the number of sources is more 

than one, it also improves the estimation accuracy significantly. The estimation error is increased compared to 

single source mode at low SNRs due to increasing the number of sources. As the SNR increases, the accuracy 

of the proposed method is also improved. The proposed method is much better than other methods. 

 

Fig. 3. RMSE curve in terms of SNR per observation number 500 and in the presence of three sources. 
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Finally, in Figure 4, the RMSE error curve at D = 3 source mode and SNR = 5dB for the number of different 

observations is compared. The results show that in the same SNR and for the number of different observations, 

the proposed method has much better estimation accuracy. 

 

Fig. 4. RMSE curve in terms of number of observations per SNR = 5dB in the presence of three sources. 

VII. CONCLUSION 

In this paper, a new method for DoA estimation using the sparse property of the covariance matrix is 

proposed. In the DoA estimation using a compressed sensor, the angular space is divided into specific steps. To 

increase the accuracy of estimation, it is necessary to divide the steps into a very small size. By dividing the 

steps by small size, there is a problem called coherence of the measurement matrix columns. This problem 

causes the estimation is not done correctly. So we have to take the big steps. Choosing the big step leads to a 

problem called off-grid. In this article, a new solution is presented in which off-grid error is presented. The 

simulation results show that the proposed solution improves the RMSE error significantly. 
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