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Abstract — In this paper, we first introduce some operations
on the interval-valued intuitionistic fuzzy sets, such as
Hamacher sum, Hamacher product, etc., and further develop
the induced interval-valued intuitionistic fuzzy Hamacher
correlated averaging (I-1VIFHCA) operator. The prominent
characteristic of the operators is that they can not only
consider the importance of the elements or their ordered
positions, but also reflect the correlation among the elements
or their ordered positions. We have applied the I-IVIFHCA
operators to multiple attribute decision making with interval-
valued intuitionistic fuzzy information.
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INTRODUCTION

Atanassov [1,2] introduced the concept of intuitionistic
fuzzy set(IFS) characterized by a membership function
and a non-membership function, which is a generalization
of the concept of fuzzy set [3] whose basic component is
only a membership function. The intuitionistic fuzzy set
has received more and more attention since its appearance.
Later, Atanassov and Gargov[4-5] further introduced the
interval-valued intuitionistic fuzzy set (IVIFS), which is a
generalization of the IFS. The fundamental characteristic
of the IVIFS is that the values of its membership function
and non-membership function are intervals rather than
exact numbers. Xu[6] proposed the interval-valued
intuitionistic fuzzy weighted averaging (IVIFWA) operato,
the interval-valued intuitionistic fuzzy ordered weighted
averaging (IVIFOWA) operator and the interval-valued
intuitionistic fuzzy hybrid aggregation (IVIFHA) operator
and gave an application of the IVIFHA operator to
multiple attribute group decision making with interval-
valued intuitionistic fuzzy information. Wei and
Zhao[7]investigated some multiple attribute group
decision making (MAGDM) problems in which both the
attribute weights and the expert weights are usually
correlative, attribute values take the form of intuitionistic
fuzzy values or interval-valued intuitionistic fuzzy values
and developed the induced intuitionistic fuzzy correlated
averaging (I-1IFCA) operator and some desirable properties
of the |I-IFCA operators are studied, such as
commutativity, idempotency and monotonicity. Yu et al.[8]
proposed some interval-valued intuitionistic fuzzy
aggregation operators such as the interval-valued
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intuitionistic ~ fuzzy
(IVIFPWA) operator.

Motivated by the induced Choquet ordered averaging (I-
COA) operator[9], in this paper we propose the induced
interval-valued intuitionistic fuzzy Hamacher correlated
averaging operators based on the Hamacher operations,
whose prominent characteristic is that they can not only
consider the importance of the elements or their ordered
positions, but also reflect the correlations of the elements
or their ordered positions. To do so, the remainder of this
paper is set out as follows. In the next section, we
introduce some basic concepts related to interval-valued
intuitionistic fuzzy sets and some operational laws of
interval-valued intuitionistic fuzzy numbers. In Section 3
we have developed the induced interval-valued
intuitionistic fuzzy Hamacher correlated averaging (I-
IVIFHCA) operator. In Section 4, we have developed an
approach to multiple attribute decision making based on I-
IVIFHCA operator with interval-valued intuitionistic
fuzzy information. In Section 5, we conclude the paper
and give some remarks.

prioritized  weighted average

Il. PRELIMINARIES

Atanassov and Gargov[4-5] further introduced the
interval-valued intuitionistic fuzzy set (IVIFS), which is a
generalization of the IFS. The fundamental characteristic
of the IVIFS is that the values of its membership function
and non-membership function are intervals rather than
exact numbers.

Definition 1. [4-5] Let X be a universe of discourse, An

IVIFS A over X isan object having the form:

{<X uA( ) ~A( )>|XEX} (1)
where /1, (X) =[0,1] and v, (x) =[0,1] are interval
)

and
+sup(V, (X))<1, ¥ xe X . For
)

let /1, (X :[a,b] ,

~([a.b].[e.d)

Definition 2. Let é:([a,b],[c,d]) be an interval-

numbers,
0<sup (,UA

convenience,

va(x)=[c,d], so

valued intuitionistic fuzzy number, a score function S of
an interval-valued intuitionistic fuzzy value can be
represented as follows [6]:
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s(a)=27°"P79 ' s(a)c[-11]. @
Definition 3. Let €l=([a,b],[c,d]) be an interval-

valued intuitionistic fuzzy number, a accuracy function

H of an interval-valued intuitionistic fuzzy value can be
represented as follows [6]:

H(é)=w, H(@)e[0l]. @
to evaluate the degree of accuracy of the interval-valued
intuitionistic fuzzy value é:([a, b],[c,d]) ., where

H (5.) € [O,l]. The larger the value of H (é) the more

the degree of accuracy of the interval-valued intuitionistic

fuzzy value &.
Based on the score function S and the accuracy

function H , in the following, Xu[6] give an order relation
between two interval-valued intuitionistic fuzzy values,

which is defined as follows:
8 =([a,l][c,d]) and

Definition 4. Let
a, =([a2,b2],[cz,d2]) be two interval-valued intuitionistic

fuzzy  values, S (51) = %bl_dl and
s(&,) = %7C _'z_bz —d, be the scores of & and b,
respectively, and let H (&)= %bﬁdl and

H (&)= a,+C,+b,+d
2
dand b, respectively, then if S(é) < S(B) then & is

2 pe the accuracy degrees of

smaller than D , denoted by d<b ; if S(é):S(B),
then
() if H(é)= H(B) then & and b represent the

same information, denoted by =D ;

) if H (é) <H (6) 4 is smaller than b , denoted by

a<b.
Liu[10] developed some interval-valued
fuzzy Hamacher aggregation operators.

Definition 5. Let éj:([aj,bj][cj,dj}) (j=12:-n)
be a collection of interval-valued intuitionistic fuzzy
values, and let IVIFHWA: Q" — Q , if

intuitionistic
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IVIFHWAw(éi,éz,---,én)

n

=9(08)
[T (-va)" TTe-a)
: lj(1+(7‘1)aj )" +(7—1)1j(1—aj )
ljl_!(l+(y—1)bj )" ‘lj(l—b,- g
ljl!(l+(7—1)b,.)”’j+(y_1)lj—!(1_bj)wj |
ATe
TSRS
T4
1 6-fa-a,))" +(-0] e

4)

where a)z(a)l,a)z,---,a)n)T be the weight vector of
n

éj(j:LZ,---,n) , and @; >0, Za)j =1, then
j=1

IVIFHWA is called the interval-valued intuitionistic fuzzy
Hamacher weighted averaging (IVIFHWA) operator.

([ai’bj:l’[ci’dj:l)

(j=L2,---,n) be a collection of interval-valued

Definition

6[10]. Let 4,

intuitionistic ~ fuzzy  values.  An interval-valued
intuitionistic fuzzy Hamacher ordered weighted averaging
(IVIFHOWA) operator of dimension N is a mapping

IVIFHOWA: Q" — Q , that has an associated vector

such  that

W=(w1,w2,~-~,wn)T w; >0 and

n
Z w; = 1. Furthermore,
-1
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IVIFHOWAW(éi,éz,---,én)

- J(—I;Bl(wjéa(j))
lﬁ!(“(%l)aam)wj - Jnl (1“"‘5(1))%
J”l (1+(r-Da,, )" +(r-1) J"l a,)"
T(+(-2),,)" ~TT(t-by,)"
=t =1

j=1
l(1+(}/ D(1-c,)) j+(y—1)]‘!camwl
i= i=
[ 1da)"
j=1
H(1+ 7-1)( da(j)))#(y—l)ndomwl
j j=
®)
where (6(1),6(2),---,6(n)) is a permutation of
(1,2,---,n) , such that 070(]._1)2076(].) for all
j:2,...’n_

Definition 7[10]. An interval-valued intuitionistic fuzzy
Hamacher hybrid averaging (IVIFHHA) operator of

dimension N is a mapping IVIFHHA: Q" — Q, that has

. T
an associated vector Wz(Wl,Wz,---,W) such that

n

n
w; > 0 and ZWJ- =1. Furthermore,
-1

IVIFHHA,, ,(&,,4,,---.,4,)

zé(wlao(i))
ljl!(“(?’_l)aa(n)wj - Jnl (1_ao(i>)wj
Jnl (1+(r-Day,)" +(r-1) Jnl (1-2,)" |
lj(“(V ~1),,))" - J_: (1.,
lj(lJr(;/—l)ba(j)) +(7-1) J;(l b,,)" :
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Y HC?U)Wj

: (1+(7—

i1

(6)
where 516(].) is the | th largest of the weighted interval-

values
a):(a)l,a)z,m,a)n)T be
n), and @; >0,

intuitionistic

na)JaJ,le,Z,---,n),

valued
, (a

fuzzy

the weight vector of &, (j =12,---,

n
Z @; =1, and N s the balancing coefficient.
j=1

1VV. INDUCED INTERVAL-VALUED
INTUITIONISTIC FUZZY HAMACHER
CORRELATED AVERAGING OPERATOR

Definition 8 [9]. Let f be a positive real-valued function

on X and m be a fuzzy measure on X . The induced
Choquet ordered averaging operator (I-COA) of
dimensionn is a function I-COA : (R" xR") — R*, which is

defined to aggregate the set of second argument of a list of
2-tuples  ({u,, f,).(u,, f,),-+-.(u,, f,)) according to the
following expression:

I-COA,, ((uy, f,).(u,, ,),+.(u,, f,))

n (")
= JZ; fot [m(Aau))‘m(Aou—n )J
where  (o(1),0(2),-,0(n)) is a

(12,

permutation  of

n), such that Uyjay 2 Uy forall j=2,---n,

i.e., <ua(j), fa(,-)> is the 2-tuple with Uy i) the j™ largest

value in the set (uy,u,,,u,) , Ay ={x5(j)|j sk} , for

k=1,and A, =¢.

Thus, 1-COA operator has application advantages when
target elements has important correlations and ordered
positions. Based on the basic aggregation principle for
interval-valued intuitionistic fuzzy sets and induced
Choquet ordered averaging (I-COA) operator [9], the
following part of this paper explores the induced interval-
valued intuitionistic fuzzy Hamacher correlated averaging
(I-IVIFHCA) operator.

Based on the aggregation principle for IVIFs and
induced Choquet ordered averaging (I-COA) operator, in
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the following, we shall develop the induced interval-
valued intuitionistic fuzzy Hamacher correlated averaging
(I-IVIFHCA) operator with interval-valued intuitionistic

fuzzy information.
g :([awa] [Ci'di})

Definition 9. Let
(j:]_,2,---,n) be a collection of interval-valued
intuitionistic fuzzy values on X , and u be a fuzzy
measure on X , then we call

HVIFHCA (0, 8),(u;,8,),+ (u,.4,))

- é((”(Adj))‘”(A i) (j)) X

International Journal of Electronics Communication and Computer Engineering
Volume 6, Issue 6, ISSN (Online): 2249-071X, ISSN (Print): 2278-4209

the induced interval-valued intuitionistic fuzzy Hamacher
correlated averaging (I-IVIFHCA) operator, where

(G(l),O'(Z),--',G(n)) is a permutation of

(1,2,---,n) such  that éa(jfl)Z@(j) for all
=200 Ay ={x i<k} . for k=1,
andAG(O):¢.

With the operation of interval-valued intuitionistic fuzzy
numbers, the I-IVIFHCA operator can be transformed into
the following from by induction on n:

©)

7Hd U(J)
f[(1+(y—1)(1_d0m))ﬂw o

j=t

whose aggregated value is also a interval-valued

intuitionistic fuzzy numbers.

It can be easily proved that the 1-IVIFHCA operator has
the following properties.
Theorem 1. (Idempotency) If all
ﬁj :([aj,bj],[cj,dj])are equal, ie. d; =2 forall J,
then

|-|V|FHCA((u1,51),(u2,az),---
(10)

ll[d U(J) ))

i=

Theorem 2. (Boundedness) Let 4, (j =1 2,---,n) be
a collection of IVIFVNSs, and let

a =ming;, & =maxa,
J J

Then

& <I-IVIFHCA((u,.4,),(u,,4,),---,(u,,&,))<a"
(11)

Theorem 3. (Monotonicity) Let éi (j =12---, n) and

5.; (j =1,2,---,n)be two set of IVIFVNs, if &; <aj,

forall j,then
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I-IVIFHCA ((u,,&,),(u,,&, )+, (u,
< -IVIFHCA ((u;, &) (u}, &), (u;,&;))

(12)
Theorem 4. (Commutativity) Let éj (j =1 2,---,n)

and & (j =12, n) be two set of IVIFVNS, then
IVIFHCA ((u,4),(U,, &), (u,,4,))
=-IVIFHCA((up, &) (U, &), (u;, &)

(13)
where é](j=],2,~-,n) is any permutation of
ﬁj(jzl,Z,---,n)..

V. AN APPROACH TO INTERVAL-VALUED
INTUITIONISTIC FuzZzzY MULTIPLE ATTRIBUTE
DECISION MAKING PROBLEMS

In this section, we shall investigate the multiple attribute

decision making (MADM) problems based on the
IVIFHCA operator in which attribute values take the form

F=([a.b].[c.d])

=-IVIFHCA (U, By ) (Ui, By ) oo

lblral-Hn e

H(1+(7 1)a ())H(AJ(]))/I(AJUI))__

j=1
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of interval-valued intuitionistic fuzzy numbers. Let
={A1,AZ,---,AH} be a discrete set of alternatives,

and G={G,,G,,--,G,} be the set of attributes.
Suppose that R = (f” )mxn ([a”,b”] [Clj,d })mxn is the

interval-valued intuitionistic fuzzy decision matrix, where
[aij,blj] indicates the degree that the alternative A

satisfies the attribute Gj given by the decision maker,
[Cij,dij indicates the degree that the alternative A

doesn’t satisfy the attribute Gj given by the decision

[au, IJ]c[Ol [cij,dij c[o1]
by +d; <1,i=12,---m, j=12,---,n

In the following, we apply the I-IVIFHCA operator to
multiple attribute decision making based on interval-
valued intuitionistic fuzzy information. The method
involves the following steps:

Step 1. Utilize the decision information given in

matrix R , and the I-1IVIFHCA operator

maker,

,<Uin,fm>)

7HC (i)

ff( J) H(H))

n

i1

71_[0' i)

H(1+(;/—1)(1_Ca(ij))) ( Ay )4 A1)

0( i-1) )

HC (i) 0(1)
( 11))

n

i1

[+ (-0, ) o “‘““”)+(y—1>ﬁdam;‘<’*““””(’*““

j=1

A=12,---,m. (14)
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to derive the collective overall preference values
Fi(i =12,---, m) of the alternative A,.

Step 2. Calculate the scores S(I’i)(izLZ,---,m) of the
collective overall values F; (i =12, m) to rank all the

alternatives A(I :1,2,---,m) and then to select the
best one(s) (if there is no difference between two scores
S(I’-) and S(I’J) , then we need to calculate the

1
accuracy degrees H (ﬁ) and H (FJ) of the collective
overall preference values F; and F;, respectively, and then

rank the alternatives A and A, in accordance with the
accuracy degrees H (f,) and H (I’J )
Step 3. Rank all the alternatives A (i =12,---, m) and

select the best one(s) in accordance with S(I’,) and

H() (i=12--m).
Step 4. End.

I11. CONCLUSION

In this paper, we first introduce some operations on the
interval-valued intuitionistic fuzzy sets, such as Hamacher
sum, Hamacher product, etc., and further develop the
induced interval-valued intuitionistic fuzzy Hamacher
correlated averaging (I-IVIFHCA) operator. The
prominent characteristic of the operators is that they can
not only consider the importance of the elements or their
ordered positions, but also reflect the correlation among
the elements or their ordered positions. We have applied
the I-IVIFHCA operators to multiple attribute decision
making  with interval-valued intuitionistic  fuzzy
information.
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