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Abstract — This model deals with the stability of a system of
a fluid flow through a horizontal channel with porous walls
subject to a disturbance.

The system is formulated through partial differential
equations and investigated through a mathematical methods
and matrices to separate the governing partial differential
equations into two parts steady state and disturb partial
differential equations.

After a suitable mathematical manipulation, the neutral
line between the stable and unstable regions is obtained
which include the relation between the physical numbers. It
was found that

If % ...—D5 > 0 , The system is unstable.
zﬁjg ...—D < 0, The system is stable.

Also:

If —:ﬁ:;;f ...—D5 > 0 , The system is unstable.
- :ﬁ:;g ...—D5 < 0, The system is stable.

These are represented the separation between the regions
of stable and unstable fluid.

Keyword - Modeling, Fluid, Disturbance,
Unstable, Partial Differential Equations.
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. INTRODUCTION

Any system whatsoever is bound to be disturbed. A
basic question therefore is, “Will the disturbance gradually
die down or will it grow in amplitude in such a way that
the system does not return to its original state?” In the
field of fluid mechanics the broad study of stability is
concerned, in part, with the determination of the critical
values, if any, of the flow parameters which distinguish
the two different regimes associated with the answer to the
above question.

In this research project a mathematical model of a heat
and a dissipative fluid flowing in horizontal channel with
porous walls are considered. This subject has an important
application in engineering and science in general and
specially in astrophysical and aeronautical problems in
addition to geophysical applications. Most of such
applications systems are subject to be disturbed and then
the need is required to analysis that case for stability or
otherwise, as it will follow in the next chapters. This
project is concerned with the stability analysis of the
whole system.

Stability analysis has been recently studies by many
authors and it is of great interest because of the growing
industrial applications importance. The analysis of

stability of a disturb system seems to be an active field of
research, Davey[1],Stuart [2],Look[3] and Sagalakov [4]
discussed the effect of magnetic field upon stability of
corresponding MHD flow. It was found that the magnetic
field has a powerful stabilizing influence on the disturb
system.

More recently Mosa[5] analysis the stability of heat
transfer through an MHD porous media and found the
parameters critical values separating the two regimes of
the flow.

Mosa and Ibrahim[6] analysis the stability of a model of
laminar flow with natural convection heat transfer from a
thin vertical cylinder and found that the large value of the
radius from the center increase tendency toward the
neutral stability curve.

Also Mosa & Ali [7] presented a model of a stability
analysis for fluid flow between two infinite parallel plates
and showed that the disturbance with large wave number
grows faster than that with smaller wave number. The
effect of optically thick limit and buoyancy forces on the
stability of MHD ekman layer was investigated, Bragdi &
Mosa [8], and showed the stable influences on the system.

Elena TamaSevi'ci = ut'e, Ar unasTamaSevi‘cius[9],
found that the stabilization is achieved with vanishing
small perturbations. The feedback does not change the
system, but changes its stability properties.

D. Gonze& M. Kaufman[10], Discussed the stability of
linear stability in their article the theory of non-linear
dynamical systems and found that “ the behavior of the
system around the steady state and resort to the linearized
stability principle. They describe this method first for a
one-variable and subsequently for a two-variable system
and showed that, this theory can be generalized to an N-
variable system".

Il. METHODOLOGY

1-The mathematical model, governing differential
equations, boundary conditions, non-dimensional forms of
the governing differential equations and boundary
conditions are presented.
2- The primary velocity, temperature and concentration
(The functions in the model) are considered to have
superimposed on them two — dimensional infinitesimal
disturbances.
3- Steady state quantities are indicated with suffix 1 whilst
perturbations are denoted by suffix 2, such that

Fix,y,t) = Fi(y) + Fa(xy,t), where x,y are the
dimensional spatial coordinates and t is the time.
4- Substitutions of the form in 3 above in the non-separate
to two systems one for pure steady state and the other is
for the disturbance with the relative boundary conditions.
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5- Solve the steady state system and then the disturb

system through the form Fa(x, y, t) = Aett (koY) The
assumed form of the disturbance imply a spatial periodic
waves where o =ag+ iap is the wave speed which is a
complex number. A positive or negative oy implies growth
or decay of the disturbance. The kiand koare non-
dimensional wave numbers in the x and y directions,
respectively and are therefore a real quantities, A is a
constant.

6- This study is concentrated on the change of sign of oz to
separate the different regimes of the fluid behavior.

I11. THE MODEL AND GOVERNING
DIFFERENTIAL EQUATIONS

Consider the fully developed laminar flow of fluid
between two horizontal parallel porous walls, distance h
apart, and choose the coordinate system such that the x-
axis is parallel to the channel and along the direction of the
flow. The y-axis is taken as the vertical coordinate
measured position upwards whilst the z-axis is in the
direction mutually orthogonal to the other two axes. The
governing equations are well established; see for example
Jassim and Ahmed [11], such that

v

T+ =0 .22.1)

d d 3 .

a—’;+u£+v£=ﬁvzv+gﬁ(T—T1)+gﬁ (C—Cl)—%u
. (2-2.2)

or | aT , T ) ou

UG+ v = aviT + [(ay) ] . (2.23)

oc 9 a_C 2

% +uZ+v¥ =DviC L (2.2.4)

Where u and v are the velocity component, t is the time
and T,9,B8,8%.9,k,a,u,P,cp,D are the temperature,
gravitational acceleration, thermal expansion coefficient,
concentration diffusivity, dynamical viscosity, density,
specific heat at constant pressure , mass with the following
boundary conditions,

u=v=0.0
T=T,T, y=0,h (225
C= Co, C1

and h is the width of the channel.
Non-dimensional form:

To solve governing equation (2.2.1)-(2.2.4) with the
boundary conditions (2.2.5), we need to introduce the
following non-dimensional quantities [4, 3],

y=X yo yGr1/4 U= uhGr="/2 V= var_l/ﬂ
% o 9 9
t9Gr /2 9 T—T, c-¢
o Prey e T e
o 9B -T) . gB'h (G~ C) J
92 ' 92

. (3.1)
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Substituting these quantities onto equations (2.2.1)-
(2.2.4), the governing equations becomes.

mﬂ] @ﬂ]g_zzo G
e s 5] = [
[0 20 4 BT — 1) + 9B°(C - €.) — T2y

..... (3.1b)

[(To Tl)J_ﬁ] [(To Tl)\/_ﬁ] y 28

[(To Tl)J_ﬁ] [a(To Tl)] [a(To Tl)mﬂ] a2%0
ax2 ay?2
i [(GryGro2] [(au\>2
e[ ] (%) .. (3.1¢)
[(Comca)Gre 20 | [(Go-coiGro] ; 20
(Co— 51)‘/_19 (Co—C1)) 9°90 (Co—CVGTY 829
[ ]V _D[( h2 )ﬁ-l_( h2 )axyz
.. (3.1d)
Simplifying the above equations, the governing
equations under these non-dimensional quantities
becomes.
au av
P 0 ...(3.2)
au au au 1 9%u 02U Gr 1
at UtV =T T T 50~ Tl v
..(3.3)
L L L 1 0%U 1 9%6 ou
5+”a—x a—y——mpr67+;a?+f[(ay)] -(3.4)
1 1 9%¢  9%p
Where
Gr = Grashof number for heat transfer
= g8 = dissipation
Cp
pr = Prandtl number
Gr* = Grashof number for mass transfer
Sc = % = Schmidt number
D = the mass diffusion coefficient
Da = :—2 = Darcy number
and the boundary conditions (2.2.5) in the non-
dimensional form become,
U=V=0 atY =01\
6=0.0 atY =0
6 =10.0 atY=1, .. (3.6)
®=0.0 atY =0
0=1.0 atY = 1)
The differential equations can be rewritten as follow:
u v
wt o= o €))
Jdu b Jdu + o Ju
at 0x ay
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1 0%u 0%u Gr* 1
_Eﬁ-l_ a_yz+ 0+ ?d)—mu ...... 2)
09, 09 06 1 9% 14% (6u>2
at ”ax ”ay "~ JGrPr0x?  Proy? € dy
...... 3)
99 99 99 _ i{Laz_‘i’ 32_4’}
3t + uax + vay = e \War o2 + 3y e (4)
B.CS
u=v=0 at y=0,1 \
0=0 at y=0 |
=10 at y=1 }
b =0 at y=0 e (5)
¢ = at y=1 J
Let
u(x,y,t) =u (y) + y2(x, 3, t)
v(x,y,t) =v.(y) + v(x, v, t) ©)
H(X'y' t) = 91(}’) + Hz(x'y't) .....
dC,y,t) = d1(y) + P2 (x, ¥, 1)
Substitute (6) into (1),(2),(3),(4) and (5), such that
d(uq + a +
(uy u2)+ (v Vz)zo
0x dy
du, Jdu, dJdv; Odv
-1 + R ) =0
Jdx dx dy Oy
Ju, 0vy  0v, 0
ox dy dy
Separate:
06—1;1 =0 = v; = constant = v; = Oand
auz avz _
- T oy = 0......... (7
d(u; +uyp) 0(uy +up) 0(uy +uyp)
1 (0% (u ) 0% (uy + uy)
_E( 322 >+( 372 + (6, +6,)
Gr* 1
+F(¢1 + ;) — m(% +uz)
au1 6u2 aul (3u2 auz auz aul
Bt T ar TMax TGy Ty Ty TGy
(3u2 aul auz
+U1E+UZE+UZW
1 0%u; 1 9%u, 0%u; 03%u,
S Te o Tygrox oy Tayr T Ot
+G_T*¢ +G_r*¢ e S
Gr " Gr"? \Grba ~GrDa
Then:
d?uq Gr* u;
6y2+¢1+?¢1_m_0 ......... ®)
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0%u,
dy?

duy duy duq du, 1 9%u,
w2y, ey, = —
at 15y 2 ay 2 9y VGr o9x2

Gr* Uy
o ¢2 - m ...... (9)
(6, + 63) N

at

+ 240, +

(6, +6,) 9(6; +6,)
() =g+ (01 + V) =5
1 0%06,+6,) 1 026,46

(6:1+6:) 1 0%6+6,)
VGrPr  0x? Pr dy?
Then:
00, 96, 98, 98, 98, 06, 96,
at "oy Thiox T U2y Yl gt gy

Ly 002, 06, 06,
1% 6}/ U, ay U, ay

3 du,n?
6 (ﬂ + ﬁ)
dy  0dy

1 0%, 1
~ VGrpr 0x?

" n d291 iy 1 n d292 (du1)2
Pr = dy? Pr = dy? € dy

du, du, <62u2>2

2¢ ——=
+Edy6y

Separate one can obtain:

1 d2e, dus\?
; v, + E(E) =0 L. (10)
a0, a0, dps _ 1 026, | 1 926, duy du,
W+ulg+vzg_mPr ox%2  Pr dy? dy dy
......... (11)
(P, + ¢3) a(py + ¢3) (¢, + ¢3)
¢16t $2 +(u1+u2)( ¢lax b2 >+(U1+v2) (¢1ay $2
zl iaz(dh + @)  0%(dy +¢3)
Sc\\Gr dx? dy? '
Then,
L0, Oy 09y, 09
1 ay 1 ay 2 ay 2 dy
11 d2¢1+ 1 52¢z+d2¢1 d’¢,
T Sc|WGr dx? T \Gr 0x2 T dy? T 9y |
That is
d?¢, _
52=0 (12)
do,
= + = =1, —=1
pr=cy+c ¢ dy
9¢2 9¢2 491 _ 1 (1 9%°¢; 9%,
22w 2+ v, = {FZ52+55) (13)
The system of steady state are equations: 8, 10 &12.
Disturbance system are: 7, 9, 11, and 13
Let:
u, = Aleo(t+i(k1x+k2y)
v, = Azeat+i(k1x+k2y) (14)

92 — A3eat+i(k1x+k2y)
¢ =A4eat+i(k1x+k2y)}
2

Substitute the form (14) into the equations 7, 9, 11 &13.
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Such that:
(7) Becomes

Alkl +A2k2 = O .......... (15)

(9) Becomes:

alie + Aju ke + A, ——e
1 1Ug iy 27

L o()k2a, + e(~1)k3A, + Age + - C 4, — €
= —0c(— e(— e A
\/E 141 2412 3 Gr 4 \/HD(Z
Ay {a +iugk; + «/_Da} +A2{d”1 +k2} As —%A4 =0
......... (16)
(11) Becomes:
. dA;
Ayea + u Ase(ik,) + A,e—
dy
L = (—1DkZ + ( ekZ + 2 (A ik,)
= e e I
VGrPr ! ’ n
2
Ay {—leze dul} +4, del + A {a + w ik, + \/Girlpr
k3] _
Pr} =0 (17)
(13) Becomes:
Ajae +uq iAkie+ A e%
4 1 41 2 dy
1 (Aze
= 5ol i + Au(-Deka)
Or:
2 2
A2d¢1+A4{a’+lu1k1 S’j}G—r+§—i}=0 --------- (18)

These differential equations, 15-18, can be organized in
a matrix form, such that

[ kl k, 0 1
| 1 dy 0 Gr |
ky —L 4 k2 (-1 _r
| +F Vérpa @ K2 g l=o
| du, e, a+iuk, + 0 |
2ik, —— rm VGrpr k2 k3
l dy 4 0 a+ iuk, + + J
0 vVGrpr SCF Se
Or
duy Gr*
——+ k2 -1 -
dy 2 Gr
k 6, +iugks + _a + k3 0
a L —_— —
' dy Y VGrpr  Pr
d k? k3
49 0 @+ iughy +— 4 2
dy ScVGr
k k2 1 L Gr \
a+ iy +r+rDa - ~Gr |
k 21k, 4 PRSI S 0
2 —2ik, d a+iuy +rPr+PT
0 0 a+ iuk +k7'f+k7§ l
T SeVGr SC}
=0
Let
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i +k2)(a+

A% = (dul + kz) [(a + iuky + oo T or

ik + 4 )] [ (e ik + 4 D) -
iuky +5cm+5c + ™ a+iuky +5cm+5c

Gr* d91( K k_g)]

Gr dy @+ iugky + VGrPr + pr/l’

Also:

duy 2 _ k% ky _

™ + k5 = a, NI + = a,&b, = \/_T and
% =1, from equationl2.

Then
A*l = kl{al[(a + iu1k1 + az)( a+ iu1k1 + bl) _]}

e, Gr* ,
+ E (a + iu kqy + bl)] o (D (a + iugky +ay)
That is A", = k, {al {a2 + iu k@ + aby + iugka —
u?k? + iu k. by + aay + iu kia, + ayb; + a%+
Gr*
u1k1 +Ea2}

Or

A =k {alaz + (iulkl + by +iugk, +ay + d—el +

(ZT) a — u?k? + iusk by + iuskia, + ayb; +
dao do Gr* Gr
lu1k1 d 1 + 1 dy1 Eklul + Eaz} ........... (19)

A ——k{( +i k+b)< +i k+—12 +—1 >—2'k —1}
a+iu a+iu i
2 2 e 2 . VGr +GrDa : dy

k3
=k, {a +iukja +— + iwka —uik? + il
\/_ \/_D VGr
lulkl . b1k1 by }
+ ab; + iu kb, +
\/_D aby +iuk by + \/— \/_Da
3
=k, { (a2 +¢—+¢—D +21u1k1+b1) %— 2)2
iuqkq . b1k} by
Jerpa + lu1k1b1 + Jor +\/§Da} ...... (20)
Let
_ kL
Gy _\/ﬁ+\/ﬁDa+b1’
lulk% 2 iu1k1 . blk% bl
C, = —ulk? + +iu kb +——+
2 VGr 1 VGrDa T VvGr GrDa
Where
u1kf U ky
B, = +u. kb
1 Cr Cr 1K1D01
_ bik} —u?
B, = VGr k1 \/_Da

Also A%, = ky{a? + (¢; + 2u ky)a + iB; + By} ... (21)
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Equation (19) becomes:

A*I = kl{alaz + (El + Zlulkl)a + E2 + lE3}
Where

e (22)

de, ar*
El =b1+a1 +E+F
_ 212 de, ar*
EZ - azbl +u1k1 + blE-l_Eaz

a6,

E3 = ulklbl + ulklaz + ulkl dy

+ (;—fulkl.
Since
A* k, = A%, k,, that is
{a,a? + (E; + 2iu ky)a + E, + iE3}k,
—ky{a® + (¢; + 2usk))a +iB; + B,} =0
Then:
a?(ak; — ky) + a(E; + 2iuky — kycp — 2iu ki ky)

+k,Ey + iEsk, — iBik, —kyB, =0 ....(23)
Let:
D, = ayk; —k,
D, = E; — kycq

D3 = 2u kg — 2u ki k,

D, = k,E, — kB,

Ds = E;k, — Bk,

Give:

a?D; + a(D, +iD3)+ D, +iDs =0

—(D3 + iD3) ¥ /(D; + iD3)2 — 4D{ (D, + iDs)
a =

_ —(D, +iD3) ¥ /D — D2 + 2iD,D5 — 4D; D, — 4iD; Ds
- 2D,

—(D, + iD3) ¥/DZ — DZ + 4D, D, + 2i(D,D5 — 2iD; D)
a =
2D,

Let,
X1 = DZZ - D23 - 4D1D4 and Y1 = 2(D2D3 - 2D1D5)
Then,

—(D, +iD3) ¥ X, + iy
a =
2

Dy
a=a;+ia,
D, T

o = 2 1 leﬁl _ O

e 2D, -
That is:

. _ sxf+vf
Either —D, + 8%, VX, +--=0....(24)

_p o sxf+v?

Or —-D, oXy s +.-=0... (25
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Then,

If % — D, > 0, The system is unstable.
And Zi:;;l: — D, < 0, The system is stable.
Also:

If — 2?5:;;{ — D, > 0, The system is unstable.
And — 2?:3;1? — D, < 0, The system is stable.

IV. RESULTS AND DISCUSSION

The main object of the present analysis is to examine a
disturb system of a diffusion of heat in fluid flow in a
channel with porous walls. The stability or otherwise
depends on the sign of the complex speed o= a1 + 0. A
positive or negative ay implies growth or decay of the
disturbance, respectively. This study is concentrated on the
change of the sign of oy to separate the different regimes
of fluid behavior. Also it must be well understood that the
neutral stability is define by setting 01=0, which represent
the line between stable and unstable regions through the
relation between the parameter Gr, €, Pr, Gr*, Sc, D and
Da. After all the procedures mentioned in the
methodology, chapter 3, the resulting relations between
the parameters which represent the neutral line are found
to be:

If zﬁjg ....—D, > 0, The system is unstable.
Zﬁ\gl: ...—D < 0, The system is stable.

Also:

If — zﬁjg ....—D, > 0, The system is unstable.
- Zﬁ\gﬁ ...—D, < 0, The system is stable.

These results represent the main object of the project
and the separations between the two regions, the stable
and unstable.

CONCLUSION

In this model of a project has been investigated by
mathematical methods, treating a case of a disturb fluid
flow in a horizontal channel with porous walls, which
have been formulated by partial differential equations and
then exposed to a disturbance leads to separate these
equations to two system, steady and disturb systems. With
some mathematical manipulations and matrices through
which we have the neutral line. The final results show that
there are four possibilities for the stability or otherwise to
measure the separation between the two mentioned cases.
The major possible next devolvement of this model is to
consider the heights of the waves to be variables,
Al,A2,A3 and A4 .
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