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Some Classes of Entire Sequence of Modals
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Abstract — In the past decades, modal analysis has become
a major technology in the quest for determining, improving
and optimizing dynamic characteristics of engineering
structures. Not only hasit been recognized in mechanical and
aeronautical engineering, but modal analysis has also been
discovered in profound applications for civil and building
structures, space structures, transportation and nuclear
problems [4]. Shortly, modal analysis relies on mathematics
to establish theoretical models for adynamic system and to
analyze data in various forms. Since modals are used in
different branches of engineering in order to contribute to
modal analysis, we have constructed some sequence space

Gf (gl) of modal intervals. Also, we have given some new
definitions and theorems about the sequence space G, (gl)
of modals.
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|. INTRODUCTION

Interval arithmetic was first suggested by Dwyer [2] in
1951. Development of interval arithmetic as a formal
system and evidence of its value as a computational device
was provided by Moore [9] in 1959 and Moore and Yang
[10] 1962. Furthermore, Moore and otherg[11] have
developed applications to differential equations.

Chiao in [5] introduced sequence of interval numbers
and defined usual convergence of sequences of interval
number. Sengdnul and Eryilmax [12] in 2010 studied
bounded and convergent sequence space of interval
numbers and showed that these spaces are compl ete metric
space. Recently, Zararsiz and Sengonil[13] introduced
null, bounded and convergent sequence space of modals.

Let us denote the set of all real valued closed interval by

I the set of positive integers by N and the set of all real
numbers by R Any element of I is caled interval

number and it is denoted by X. That is
x={xeR:x<x<x}. An interval number Xis a closed
subset of real numbers. Let xand X be be respectively

first and last points of the interval number X .Therefore,
when x>%, X is not an interval number. But in modal

anaysis [X, X] interval. A modal
X ={[X X]:X,X R} isdefined by apair of real numbers
X,x. Let us denote the set of all modals by gl .Let us
suppose that X,y e gl. Then the algebraic operations
between X and Y are defined in the Kaucher arithmetic,
[7]. Foramoda X=[X,X] dual operator is defined as
dualX =[X,x] Thus, if

is a vdid

Xegl then

X —dual X =[0,0] = 0 dualX € gl .Let us suppose that

X e gl, then X is caled symmetric modal if x=—xor
vice-versa
The set of all modals gl is metric space defined as

d(%, %) = max{x, — x| % - %}

If X,Yyegl gng X<X,y<ythen the st gl is
reduced ordinary set of irEerval numbers which is
complete metric space with the metric d defined in
(L.1)[7].1f we take X, =[a,a] and X, =[b,b] ,we obtain
the usual metric of R with d(X,X,) =[a—b], where
a,beR

Let f be afunction from N to gl which is defined by
k— f(k)=X,X=(X,).Then (X,) iscalled sequence of
modals. We will denote the set of all sequences of modals
by w(gl)-

For two sequences of modals (X )and(Y,), the

addition, scalar product and multiplication are defined as
follows (X, + Vi) =[X + ¥, » X + Vil

(1.1)

(X ) =[ax,ox] aeR '(ik—y-k) =X Y, 1 % Vi
respectively.

The set W(gl) is a vector space since the vector space
rules are clearly provided. The zero element of w(gl) is
the sequence @ = (6,) = ([0,0]) al terms of which are zero
interval. If (%) ew(gl) theninverseof (X, ), according
to addition, is dual (X, ) -

Leti(gl)cw(gl). If a sequence space contains a
sequence(€,) of modals with the property that for every

i e A(gl) thereis aunique sequence of scalars (1) such
that limd(@,5& +...+t&)—>0 then (& )is caled a

Schauder modal basisfor A(gl). The series ifkék which
k=1

has the sum U is then called the expansion of U with
respect to (&, ) , and we write 5

=>t8&"

Let A(gl)and y(gl)belineark;pace of modals. Then
a function A:A(gl)—> u(gl) is cdled a
transformation if and only if, for al U,,U, € A(gl)and all
.t egl, AT, + §b,) = TAT, + §AT, -

Proposition 1.1. 1f (X,) (V,) . (F,) are sequences of

linear

symmetric modal, then the following equality holds:

CAHARAIEICAARICAI(M) (1.2)
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Definition 1.1. A sequence X = (X, ) e w(gl) of modals

is said to be convergent to the modal X, if for each & > 0
there exists a positive integer N, such that d(X,,%,) <&
for al k>n, and we denote it by writing limX_ =X,
b y g Ilkrnxk X
Thus, limX, =% < limx, = x, and limx, =X,
Definition 1.2. A sequence of modals, X = (X, ) € w(gl)

, is said to be modal fundamental sequence if for every
&>0there exists k,eNsuch that d(X,X)<e&

whenever n,k > k;, .

Definition 1.3. A sequence of modals w(gl ) is said to be
solid if Y =(Yy,) e W(gl) whenever ||y, [ <[%]| for all
kKeN andX = (X, ) e w(gl)

Definition 1.4. A sequences of generalized intervals
w(gl) is said to be monotone if w(gl) contains the

canonical pre-image of al its step spaces.

Definition 1.5. A sequence of generaized intervals
w(gl) is sad to be sequence agebra if
X®Y=(X ®Y,)ew(gl) wheneverX = (X,)ew(gl)
and = () ewg)

We define convergent series, bounded series and -

absolute convergent series of sequences spaces of the
symmetric modals which are denoted cs(gl ),bs(gl),

I,(gl) respectively, that is
cs(gl)={i=(ﬁ)ew<g|>:li;r(d<iik,%n)j=6},

bs(gl) = {X (%) ew(gl): Sup[d(z X 'O)j < 00}

k=1

k=1

n _ Yp
Ip(gl):{i:(ik)ew(gl):(Z[d(ik,O)]”J < o0, pzl}

Clearly we see that the spaces cg(gl ),bs(gl) and
I,(gl) are sub vector spaces in accordance with scalar

product and addition on w(gl ) which are metric spaces.

We define the entire sequence spaces of symmetric
modals which are denoted by T'(gl) .

r(gh = X = (%) ew(g)): limD(%,0))- 0}

~ ~ Vk,_ _
where D(Xkayk):maxil(k_zk‘ ‘Xk_yk‘l/k}

Vk\“}
= S‘ip D(X,, Yi)

which satisfies the metric space axioms.
Throughout this paper, let 2 =(4,) be afined sequence

Thefunction d defined by

- YK,
4(%,.5.) = spmaclx, - y,[ "I, )

of positive real number such that @_,lask—wo and

A
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A, #1for dl k. The space G,(gl) is defined by
G.(gl)={u=(U,)ew(gl) Zild(uk 0)]? < 0} (1.4
Normof G, (gl) defined by
» v2
A, - {z 214, ,0)12} (15)
K k=1

I1.MAIN RESULTS

Theorem 2.1. The sequence space G,(gl) is a complete

metric space with norm defined by (1.5)
Proof: We will show that G.(gl) is complete space

with norm (1.5)
Let us suppose that U = (U,) is afundamental sequence

in G,,(gl) where (T1,) = (T,, 0, ,0y,....0y,....). Sincethe
norm on G,(gl)is given in(15) and (U,) is a
fundamental sequence, then for every £>0 ,there exists

2
k, € N such that HU; —Jkiz{i/lﬁ[d(ﬁi -0/ ,0)]2}]/ <&
forali,j>ko -
In this case, We can write
{Zz [da@: -, ,0)]2}<g2
A[d(@@ -0/ ,0)]? <&
[d(@ -8/ 01" <2/ %
[d(@ -0/ ,0)] <&/, <& forali,j>ko
max{d(u, —u!,0),d(@; -u),0)f<e forali,j>k
This shows that, for every k, e N the sequence (G,) is

fundamental sequence in gl . Since gl
space, the sequence ({4, ) is convergent.

is a Banach

Now let limQ, =0, .k eN

If WeHO::onsider to the inequality HG,L -0 H <e
whenever i, j > kg
Then we have I|mHuk -uy H <&

1—00

limd, -G/ < e

I—0

Since lim@; =G,

1—00

a, - a. H <&
That is, the sequence of generalized intervals ij is

convergent to U, .
On the other hand,

A T [ zz [d(@, - (@, -0;),0]°

=34l -0, ~u)] o, - @ -]
{ (‘Uk*Qik )Hazkfati‘)} +gik2{max(‘91<‘|‘all<‘)}2
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<&+ 0 <0
Therefore, §, e G,,(gl) which completes the proof.

Theorem2.2. G, (gl) isasubset of T'(gl)
Proof: Let GeG,(gl), then

> 2[d(@,,0)]* <o (21)
k=1
where %1, 1as k - o0 and 4, 1for all k. 2.2)

k
We claim that Iim[d(ﬁk,O)]J/k =
k—o0
From equation (2.1), A2[d({, ,0)]? < £* for all ke IN
[d(T,,0)]° <e* /22
d(@,,0) <&/ A,
[d(T,,0]% < e/ &* < &, from(2.2)
Hence [d (T, ,0)]Y* - 0ask — 0 andso G e T(gl)
G, (gl)isasubsetof I'(gl).
If G.(gl)
sequences of interval numbers, then G, (gl) =G#2 (ah)

Consequently

Theorem 2.3. and Gﬂz(gl) are two

if and only if < A o k, where k, andk,are constants.
Hy
Proof. The sufficiency of the condition

A
k <K<Kk,
Hy

If 2, <k, then, Z[d(G, 0] < k2u[d (T, O)

If TG, (gl) then Y u2[d (@, O)) <o
k=1

(2.3)

Therefore, 3 22[d(@, O)1° < k2 wZ[d(@, O <o
k=1 k=1

Thisimplies Ue G, (gl)

Hence Gyz (9 =G, (gl)

similarly, if ku, <4, then G, (gl) =G .(gl)
From (2.4) and (2.5), G,(g1)=G.(g!)

To prove the necessity of the condition, let us suppose
that the condition is not satisfied.
First consider the right hand side inequality of (2.3). Let

(2.4)
(2.5)

ﬁ—>ooask—>oo Then, it has a subsequence
Hy

i—>ooaskn—>oo in such a manner that @>nfor the
Hy, Hi,

values n=1,2,3... and k <Kk, <....

Now we shall define a sequence (4, ) asfollows
i - {[n; 0|when k =k,

[0,0] whenk =Kk,

Then iuf[d(ﬁk ) = Z w2 [d(G, 002
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2
|
= = — < 00
2 2 Z 2
_1n lle nzln

Therefore (U, ) e GH2 (gl)

(2.6)
But 3 2[d (@, ) = 3 2 [d (T, 0)]?
k=1 n=1
" 22 T 2 N nz,u,f 3
> Yol [d@, 01 =D 55 =D 1>
pr P |
Therefore (0,) € G, (gl) 27

(2.6) and (2.7) contradicts (2.4)

Similarly, If the left hand side inequity (2.3) is not
satisfied then we can contradict (2.5) by constructing a
sequence of the above type.

Hence, | <A o k,iS necessary and sufficient in order

Hy

that G/lz (g =G#2(gl).
Theorem2.4. G, (gl) isAK space.

Proof. For each (U,) € G,.(gl)

@ -G > 0asn— o

Hence G, (gl)hasAK.

Theorem 2.5. G,.(gl) hasAB property.
Proof. It is enough to show that G , (gl ) has monotone

norm. Indeed for n<m and for every (G,) € G,.(gl)

Wehave

H*[”l 22[d (T, ,0)]2 <Z/1[o|(uk 0)] —Hu““lH
Therefore, ‘u[”] <Hu[m]H

Also {H~[”] n=12,..}is a monotonically increasing

sequence of modal intervals bounded above by HUH @)

Hence Huk‘

= IlmHu nl

Gﬂz (al) n—w

Thus G, (gl) has monotone norm.

SUp{HU [n]

,n=212..1}

Theorem 2.6. Thespace G ,(gl) issolid
Proof. Let (U,)and (V,) be two sequences such that
(@) <G, (gl) and

d(v,,0)<d(u,,0) foral ke N

since (&) €G,.(gl), we have i/li[d(gk O < w
Also we have, 22[d(V, ,0)]? < /‘LZEZ(Uk,O)]Z

2/1 [d(V,,0)]? <2,1 [d(T,,0)]” <
So () € G,.(gl) Therefore Glz (gl) issolid.

Theorem2.7. Thespace G, (gl) issymmetric.
Proof. Let (U,) beasequencein G ,(gl)
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Then 3" 22[d(T, 0] <o
k=1

For &>0, there exists k=Kk,(¢) such that
Zf[d(uk,on o WACICR T
ksky

Let (¥,) bearearrangement of (U,) and k; be such that
{@) k<k} ={(W) k<k}
Then 2/1 [d(V,,0)]? Zﬂ, [d(V,,0]* <&
k<k,
and so Zz [d(Y,.,0)]7 <o

k=1
Hence (V) € G, (gl)
G, (gl)issymmetric.
Theorem2.8. Thespace G, (gl) issequence Algebra
Proof. We consider the space G ,(gl) -

Let (G)and (V,) be two sequences in G,(gl) and
O<e<1. Then the result follows from the following
inclusion relation
{keN:d(T, ®V,,0} o keN:d(G,,0)}N{keN:d(,,0)}
Theorem 2.9.

Gy (g1)=GL(g)=G(g1)=G.(gl)=H(gl)
where H(gl):{?a':(ak):z[d(a; or* converges}
k

Proof. For (0)e G.(g)

H~[nl _ JH2 = [ i/ﬁ[d(ﬁk ,O)]ZT2 —0asn— o

Let 3= (ak)b:inr:lH (gl) . Forevery (U) e G, (gl)
d3am.0]<3 a0+ {ZWHZ ﬂi[d(ak,onzr

k=1 k

Therefore z 3.0, convergesfor each (i) e G, (gl)

Consequently H(gl) =G4 (gl) (2.8)

Let & = (3,) beany element G/, (gl)

Then iakﬁk convergesfor each (U) e G, (gl)

k=1

Define f_({i,) = > ad,,n=12..fordl (U)eG,(gl)
k=1
Then

12
d(f, (uk)O){Z[d( ﬂko)] } {Zz [d(d, 0] }
(Zﬁkﬁk, j_[z“’(iﬂ}w,\ﬂ

k

2.9

n Y2
where SUP{{Z A2[d (T, ,0)]2} ,n =],2,...} =M >0

k=1
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Take any positive integer n, Define U = (U,) by

o a.sgna /22 forl<k<n
“ 0 for k>n

(2.10)

Then (G,) G, (gl)
From (2.9),

I 3a0.0)< 3 0@ 0000+ {Z[d(a}o)] }

Using (2.10) in above inequality, we get
d(a,,0 d(a,,0
;[ @ 0" {;[ (@ )]} M

[d(3,.0)°
L } o

k=1

Hence 3 = (5k)belongsto H(gl).
Consequently , G/, (gl) = H(gl) (2.11)
(28)and (2.11),, G (gl)=H(gl)

Hence from theorem (2.4) and (2.6),

G () =G4 () =GL(gl) =G (gl)=H(gl)

Using

I1l. MATRIX TRANSFORMATION INVOLVING
G/IZ (gl )

Theorem3.1. Ac (G (gl):c,(gl) if and only if

0 I~ 2

0 Sup{z [d(8,.0)

=0

for some constant M > 0and

(ii) lima], = 0for each fixed k.

Proof. Sufficiency:

Let (U) €G(gl) then 3" 22[d(d,.,0)]* < 0
k=1

12
:| <M<

ﬂ‘k+1
k

Choose fixed integers n,,N, and M >0

where 13k — o and 4, = 1foral k.

and 4, < NS

such that Z,l[d(uk,O)] < Mz

k=ng+1

Then d(A,(3,).0) = d{i 3,0 ,0)} <3 d(8,3,.0
3 d(E,5,0

k=np+1

ry
= Z d(@,u,.0) +
k1
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1/2
. v2
{ 5 [d(ank o’ } { 5 lid(ak,o)z}
k=ny+1 k=ny+1
(3.2)
o = 22
By (i), su Z[d(am;,c»]} <M Also by (ii)
n | k=1 K

1Nk (32

- €
d(a,.0) < 0

QJ/n, °
0 2
Where Q{Zﬂid(ﬁkmﬂ

From (3.1) and (3.2), we have d(;‘h(ﬁk),O) <e

Therefore Al e c,(gl)
Necessity:

Clearly the sequence (%) =(0,0,..10,...) = Xwhere 1
in the k" place belongs to G,(gl). Hence
A (G,) € (gl) - But d(A,(T,).0) =[d(&,.0)]

Thus &, € C, for each fixed k. Therefore im3, =0

n—o

for each fixed k. This proves (i).
We know that G ,(gl) is a Banach space with norm

w 2 _ |
U{Zﬂi[d@k,oﬂ and ©,(gl) is a Banach
k=1
space with norm HGH — supd (T, .0)] k =12...
k
for (U) € G,(gl) define A(G):ignkﬁk
k=1

Then ,Zh(ﬁ) is a sequence of continues linear functions
on G, (gl)such that d(A,(d,),0)is bounded for every
@ <G, (9.
principle, the sequence A, (U) is bounded.
For () eG,(gl) ATeg(gl)

Therefore by uniform boundedness

Therefore A (i) converges for every () €G,(al)

By Banach steinhauss theorem, SUpHA“H <® 3.3
k

Now, d(A(Gk),O) = d[i ankakio):| < id(ankak 0)
w 12
{Z d(ank,on } {Z 24, ,0)2}

k=1

1430
[z a9 ”} il

k=1

N {;[d(ank 0)I? }

choose N such that

(3.4)

for given ¢ >0 ,
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k

d k,o
{;[ @, )]}

We may choose N such that iw -1

N [A(5 27Y?
< {Z [d(a“kz’o)]} (35)

= X
d(@y,0)1°
Let [d(ay
Q= ; 7
Construct a sequence U asfollows
= 2
- [d(a'nkzio)] lS k < N
U = A
[0,0] for k>N

0 1/2
Then() G, (gl) and |d] = {Z ;Lﬁ[d(ﬁk,o)]z} 1

Now,

d(&(ﬁk),opd{iankak,oﬁ o= {Z d(ank,on}

k=1 k=1

[d(@.00°
o | 518

v d@EOF 5
LZ;‘[ (a;i )’ } =HA1H

} =d(A,(T,).0

69 [SUGI] ool
[d(@y.0)] =
SUEOT R e
Using (3.6) and (3.4), we get thH [ [d(a;;,O)]}

By (3.3) SuI{z[ol(aﬂk,on }

n k=1 2«2
Thus (ii) holds.
Theorem3.2. Ae (G, (gl):c(gl))if and only if

o0 = 2 1/2
() wp[(zW“ﬂJ n=12,... ] <M < oo for some
k=1 k

constant M>0
(ii) lim{d(&,.,0)] = d (&, ,0) exists for each fixed k.
Theorem3.3. Ae (G, (gl):!, (gl))if and only if

wpﬂi[d(ajz’o)]

k=1 k
constant M>0 .
Theorem3.4. Ae(G,(gl):I(gl))if and only if

Jn:LZ,....}sM <oofor some

S‘Jp{(zﬂ [d(&a,,0)] Jn=12 ..... } <M <oofor some

constant M>0

Copyright © 2014 IJECCE, All right reserved
638



IJECCE
Proof. The determining setin |(gl)is E = {51,52,...}.
Let A(E)=1{y,,n=12,..},

where § = 35,%, and (%) = (9°)
Hence y, =k;k, n=12,...

By Theorem, Ac (G (g):1(gl))if and only if A(gl)
isboundedin G, (gl)and the columns of Aarein G.

z\(gl)is bounded implies there exists M>0 such that
& 8, f| <M for all k

That is(i,ﬁ[d(ﬁnk ,0)]2js M for all n

=1

Thus sy i;ti[d(ank,O)]Zj <o,n=12,..
k=1

Also the columnsof Aarein G ,(gl)

That is (3,)r,belongs to G,(gl)and hence

Su;{Z/lﬁ[d(ﬁnk,O)]zj <o,n=12,.

k=1
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