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Abstract – In the past decades, modal analysis has become
a major technology in the quest for determining, improving
and optimizing dynamic characteristics of engineering
structures. Not only has it been recognized in mechanical and
aeronautical engineering, but modal analysis has also been
discovered in profound applications for civil and building
structures, space structures, transportation and nuclear
problems [4]. Shortly, modal analysis relies on mathematics
to establish theoretical models for adynamic system and to
analyze data in various forms. Since modals are used in
different branches of engineering in order to contribute to
modal analysis, we have constructed some sequence space

)(2 gIG


of modal intervals. Also, we have given some new

definitions and theorems about the sequence space )(2 gIG


of modals.
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I. INTRODUCTION

Interval arithmetic was first suggested by Dwyer [2] in
1951. Development of interval arithmetic as a formal
system and evidence of its value as a computational device
was provided by Moore [9] in 1959 and Moore and Yang
[10] 1962. Furthermore, Moore and others[11] have
developed applications to differential equations.

Chiao in [5] introduced sequence of interval numbers
and defined usual convergence of sequences of interval
number. Sengönül and Eryilmax [12] in 2010 studied
bounded and convergent sequence space of interval
numbers and showed that these spaces are complete metric
space. Recently, Zararsiz and Sengönül[13] introduced
null, bounded and convergent sequence space of modals.

Let us denote the set of all real valued closed interval by
 , the set of positive integers by  and the set of all real

numbers by  . Any element of  is called interval

number and it is denoted by x̂ . That is

}.:{ˆ xxxxx  An interval number x̂ is a closed

subset of real numbers. Let xandx be be respectively

first and last points of the interval number x̂ .Therefore,
when x x, x̂ is not an interval number. But in modal

analysis ],[ xx is a valid interval. A modal

},:],{[~  xxxxx is defined by a pair of real numbers

xx, . Let us denote the set of all modals by gI .Let us

suppose that .~,~ gIyx  Then the algebraic operations

between x~ and y~ are defined in the Kaucher arithmetic,

[7].  For a modal ],[~ xxx  dual operator is defined as

],[~ xxxdual  . Thus, if gIx ~
, then

0
~

]0,0[~~  xdualx , gIxdual ~ .Let us suppose that

,~ gIx  then x~ is called symmetric modal if xx  or

vice-versa.
The set of all modals gI is metric space defined as

},max{)~,~( 212121 xxxxxxd  (1.1)

If gIyx ~,~
and yyxx  , then the set gI is

reduced ordinary set of interval numbers which is
complete metric space with the metric d defined in

(1.1)[7].If we take ],[~
1 aax  and ],[~

2 bbx  ,we obtain

the usual metric of  with baxxd )~,~( 21 , where

ba,

Let f be a function from N to gI which is defined  by

)~(~,~)( kxxxkfk  .Then )~( kx is called sequence of

modals.  We will denote the set of all sequences of modals
by )(gIw .

For two sequences of modals )~( kx and )~( ky , the

addition, scalar product and multiplication are defined as
follows ],[)~~( kkkkkk yxyxyx  ,

  ],,[)~( kkk xxx
, ],[)~~( kkkkkk yxyxyx 

respectively.
The set )(gIw is a vector space since the vector space

rules are clearly provided.  The zero element of )(gIw is

the sequence ])0,0([)
~

(
~

 k all terms of which are zero

interval.  If )()~( gIwxk  then inverse of )~( kx , according

to addition, is )~( kxdual .

Let ( gI ) w( gI ).  If a sequence  space  contains a

sequence )~( ne of modals with the property that for every

)(~ gIu  there is a unique sequence of scalars )~( nt such

that 0
~

)~~....~~,~(lim 11  nn
n

etetud then )~( ne is called a

Schauder modal basis for )(gI .  The series 


1

~~

k
kk et which

has the sum u~ is then called the expansion of u~ with

respect to )~( ne , and we write 





1

~~~
k

kk etu .

Let )(gI and )(gI be linear space of modals.  Then

a function )()(:
~

gIgIA   is called a linear

transformation if and only if, for all )(~,~
21 gIuu  and all

gItt 21
~,~ ,

22112211
~~~~~~)~~~~(

~
uAtuAtututA  .

Proposition 1.1. If )~( kx
,

)~( ky , )~( kr are sequences of

symmetric modal, then the following equality holds:
  )~)(~()~)(~()~()~()~( kkkkkkk rxyxryx  (1.2)
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Definition 1.1. A sequence )()~(~ gIwxx k  of modals

is said to be convergent to the modal 0
~x if for each 0

there exists a positive integer 0n such that )~,~( 0xxd k

for all 0nk  and we denote it by writing
0

~~lim xxk
k

 .

Thus,
000 limlim~~lim xxandxxxx k

k
k

k
k

k



.

Definition 1.2. A sequence of modals, )()~(~ gIwxx k 
, is said to be modal fundamental sequence if for every

0 there exists 0k such that )~,~( nk xxd

whenever 0, kkn  .

Definition 1.3. A sequence of modals )(gIw is said to be

solid if )()~(~ gIwyy k  whenever
kk xy ~~  for all

k and )()~(~ gIwxx k 
.

Definition 1.4. A sequences of generalized intervals
)(gIw is said to be monotone if )(gIw contains the

canonical pre-image of all its step spaces.
Definition 1.5. A sequence of generalized intervals

)(gIw is said to be sequence algebra if

)()~~(~~ gIwyxyx kk  whenever )()~(~ gIwxx k 
and )()~(~ gIwyy k  .
We define convergent series, bounded series and p -

absolute convergent series of sequences spaces of the
symmetric modals which are denoted cs( gI ),bs( gI ),

pl ( gI ) respectively, that is

,0
~

)~,~(lim:)()~(~)(
1 
















 



n

k
nk

n
k xxdgIwxxgIcs

,)0
~

,~(sup:)()~(~)(
1 
















 



n

k
k

n
k xdgIwxxgIbs





















 



1,)]0
~

,~([:)()~(~)(
1

1

pxdgIwxxgIl
pn

k

p
kkp

Clearly we see that the spaces cs( gI ),bs( gI ) and

pl ( gI ) are sub vector spaces in accordance with scalar

product and addition on )(gIw which are  metric spaces.

We define the entire sequence spaces of symmetric
modals which are denoted by )(gI .

  0
~

)0
~
,~(lim:)()~(~)(  k

k
k xDgIwxxgI ,

where  k

kk

k

kkkk yxyxyxD
11

max)~,~( 

The function d
~

defined by

)~,~(sup

maxsup)~,~(
~ 11

kk
k

k

kk

k

kk
k

kk

yxD

yxyxyxd






 

(1.3)

which satisfies the metric space axioms .
Throughout this paper, let )( k  be a fined sequence

of positive real number such that 11 

k

k


 as k and

1k for all k.  The space )(2 gIG


is defined by







1

22 })]0,~([:)()~(~{)(2

k
kkk udgIwuugIG 


(1.4)

Norm of )(2 gIG


defined by
21

1

22 )]0,~([~
2 








 


k
kkGk udu 



(1.5)

II. MAIN RESULTS

Theorem 2.1. The sequence space )(2 gIG


is a complete

metric space with norm defined by (1.5)
Proof: We will show that )(2 gIG


is complete space

with norm (1.5)
Let us suppose that )~(~

kuu  is a fundamental sequence

in )(2 gIG


where ,....).~,.....~,~,~()~( 210
i
k

iii
k uuuuu  Since the

norm on )(2 gIG


is given in(1.5) and )~( ku is a

fundamental sequence, then for every 0 ,there exists

0k such that  








 




21

1

22 )]0,~~([~~
k

j
k

i
kk

j
k

i
k uuduu

for all i, j > k0

In this case, We can write

2

1

22 )]0,~~([  











k

j
k

i
kk uud

222 )]0,~~([   j
k

i
kk uud

222)]0,~~([ k
j

k
i
k uud 

  k
j

k
i
k uud )]0,~~([ for all i, j > k0

   )0,(),0,(max j
k

i
k

j
k

i
k uuduud for all i, j > k0

This shows that, for every 0k the sequence )~( i
ku is

fundamental sequence in gI . Since gI is a Banach

space, the sequence )~( i
ku is convergent.

Now let k
i
k

i
uu ~~lim 


, k

If we consider to the inequality  j
k

i
k uu ~~

whenever i, j > k0

Then we have 


j
k

i
k

i
uu ~~lim




j
k

i
k

i
uu ~~lim

Since k
i
k

i
uu ~~lim 


,  j

kk uu ~~

That is, the sequence of generalized intervals j
ku~ is

convergent to ku~ .

On the other hand,


2

]~~[~ i
k

i
kk uuu 






1

22 )]0),~~(~([
k

i
k

i
kkk uuud

 





1

2

2
2 ])(,)(max[

k

i
k

i
kk

i
k

i
kkk uuuuuu

     2 2
2 2

2
1 1

i ii i
k k k k kk k k

k k

max u u ) , u u max u , u 
 

 

    
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< 
Therefore, )(~

2 gIGuk 
 which completes the proof.

Theorem 2.2. )(2 gIG


is a subset of )(gI

Proof: Let )(~
2 gIGu


 , then




1

22 )]0,~([
k

kk ud (2.1)

where 11 

k

k


 as k and 1k for all k. (2.2)

We claim that 0
~

)]0,~(lim[ 1 


k
k

k
ud

From equation (2.1), k
kk ud 222 )]0,~([   for all k

222 /)]0,~([ k
k

kud 

k
k

kud  /)0,~( 

1
11 /)]0,~([   k
k

k
kud from(2.2)

Hence  kasud k
k 0)]0,~([ 1 and so )(~ gIu 

Consequently )(2 gIG


is a subset of )(gI .

Theorem 2.3. If )(2 gIG


and )(2 gIG


are two

sequences of interval numbers, then )()( 22 gIGgIG




if and only if
21 kk

k

k 

 where 21 kandk are constants.

Proof. The sufficiency of the condition

21 kk
k

k 

 (2.3)

If
kk k  2 then, 222

2
22 )]0,~([)]0,~([ kkkk udkud  

If )(~
2 gIGu


 ,then 



1

22 )]0,~([
k

kk ud

Therefore,  






 1

222
2

1

22 )]0,~([)]0,~([
k

kk
k

kk udkud 

This implies )(~
2 gIGu




Hence )()( 22 gIGgIG


 (2.4)

Similarly, if
kkk  1

then )()( 22 gIGgIG


 (2.5)

From (2.4) and  (2.5), )()( 22 gIGgIG



To prove the necessity of the condition, let us suppose

that the condition is not satisfied.
First consider the right hand side inequality of (2.3). Let

 kas
k

k


 Then, it has a subsequence

 n
k

k kas
n

n


 in such a manner that n

n

n

k

k 

 for the

values n=1,2,3... and ....21  kk
Now we shall define a sequence )~( ku as follows

 








n

nn
k kkwhen

kkwhen
u k

]0,0[

0,~
1


Then 









1

22

1

22 )]0,~([)]0,~([
n

kk
k

kk nn
udud 











1

2
1

22

2
1

nn k

k

nn
n

n




Therefore )()~( 2 gIGuk 
 (2.6)

But 









1

22

1

22 )]0,~([)]0,~([
n

kk
k

kk nn
udud 















11

22

22

1

222 1)]0,~([
nn k

k

n
kk

n

n

nn n

n
udn






Therefore )()~( 2 gIGuk 
 (2.7)

(2.6) and (2.7) contradicts (2.4)
Similarly, If the left hand side inequity (2.3) is not

satisfied then we can contradict (2.5) by constructing a
sequence of the above type.

Hence,
21 kk

k

k 

 is necessary and sufficient in order

that )()( 22 gIGgIG


 .

Theorem 2.4. )(2 gIG


is AK space.

Proof. For each )()~( 2 gIGuk 


 nasuu n 0~~ ][

Hence )(2 gIG


has AK.

Theorem 2.5. )(2 gIG


has AB property.

Proof. It is enough to show that )(2 gIG


has monotone

norm.  Indeed  for mn  and for every )()~( 2 gIGuk 


We have,
2][

1

22

1

222][ ~)]0,~([)]0,~([~ m
m

k
kk

n

k
kk

n uududu 


 

Therefore,
2][2][ ~~ mn uu 

Also ,...}2,1,~{ ][ nu n is a monotonically increasing

sequence of modal intervals bounded above by
)(2

~
gIG

u


.

Hence ,...}2,1,~{sup~lim~ ][][

)(2




nuuu n

n

n

ngIGk


Thus )(2 gIG


has monotone norm.

Theorem 2.6. The space )(2 gIG


is solid

Proof. Let )~( ku and )~( kv be two sequences such that

)()~( 2 gIGuk 
 and

)0,~()0,~( kk udvd  for all Nk 

Since )()~( 2 gIGuk 
 , we have 



1

22 )]0,~([
k

kk ud

Also we have, 2222 )]0,~([)]0,~([ kkkk udvd  








 1

22

1

22 )]0,~([)]0,~([
k

kk
k

kk udvd 

So )()~( 2 gIGvk 


.
Therefore )(2 gIG


is solid.

Theorem 2.7. The space )(2 gIG


is symmetric.

Proof. Let )~( ku be a sequence in )(2 gIG

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Then 


1

22 )]0,~([
k

kk ud

For 0 , there exists )(0 kk  such that

 






 0

22

1

22 )]0,~([)]0,~([
kk

kk
k

kk udud

Let )~( kv be a rearrangement of )~( ku and k1 be such that

}:)~{(}:)~{( 00 kkvkku kk 

Then  






 1

22

1

22 )]0,~([)]0,~([
kk

kk
k

kk vdvd

and so 


1

22 )]0,~([
k

kk vd

Hence )()~( 2 gIGvk 


)(2 gIG


is symmetric.

Theorem 2.8. The space )(2 gIG


is sequence Algebra.

Proof. We consider the space )(2 gIG


.

Let )~( ku and )~( kv be two sequences in )(2 gIG


and

10   . Then the result follows from the following
inclusion relation
     )0,~(:)0,~(:0,~~(: kkkk vdkudkvudk  
Theorem 2.9.

)()()()()( 2222 gIHgIGgIGgIGgIG f 











where








  converges
ad

aagIH
k

k
k 2

2)]0,~([
:)~(~)(



Proof. For )()~( 2 gIGu












 





nasuduu
nk

kk
n 0)]0,~([~~

21

1

222][ 

Let )~(~
kaa  be in )(gIH . For every )()~( 2 gIGu




21

2

1

2

21

1
2

2

11

)]0,~([
)]0,~([

)0,~~(0,~~
























 














 k
kk

k k

k

k
kk

k
kk ud

ad
uaduad 



Therefore 


1

~~
k

kkua converges for each )()~( 2 gIGu




Consequently )()( 2 gIGgIH 


 (2.8)

Let )~(~
kaa  be any element )(2 gIG



Then 


1

~~
k

kkua converges for each )()~( 2 gIGu




Define ,...2,1,~~)~(
~

1




nuauf
n

k
kkkn

for all )()~( 2 gIGu




Then
21

2

1

2

21

1
2

2

)]0,~([
)]0,~([

)0),~(
~

( 















 



n

k
kk

n

k k

k
kn ud

ad
ufd 



M
ad

uad
n

k k
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