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Abstract – Objective of this study was to evaluate the 

performances of different algorithms for tracer kinetics 

parameters estimation in breast Dynamic Contrast 

Enhanced-MRI. We considered four algorithms: two non-

iterative algorithms based on impulsive and linear 

approximation of the Arterial Input Function respectively; 

and two iterative algorithms widely used for non-linear 

regression (Levenberg-Marquardt, LM and VARiable 

PROjection, VARPRO). Per each value of the kinetic 

parameters within a physiological range, we simulated 100 

noisy curves and estimated the parameters with all 

algorithms. Sampling time, total duration and noise level 

have been chosen as in a typical breast examination. We 

compared the performances with respect to the Cramer-Rao 

Lower Bound (CRLB). Moreover, in order to gain further 

insight we applied the algorithms to a real breast 

examination. Accuracy of all the methods depends on the 

specific value of the parameters. The methods are in general 

biased: however, VARPRO showed small bias in a region of 

the parameter space larger than the other methods; 

moreover, VARPRO approached CRLB and the number of 

iterations were smaller than LM. In the specific conditions 

analyzed, VARPRO showed better performances with 

respect to LM and to non-iterative algorithms. 

 

Keywords – DCE-MRI, Tracer Kinetics Modeling, Variable 

Projection, Levenberg-Marquardt, Breast Cancer. 

 

I. INTRODUCTION 
 

Dynamic Contrast Enhanced-Magnetic Resonance 

Imaging (DCE-MRI) is a noninvasive quantitative method 

of investigating tissue micro vascular function that is 

gaining a large consensus in breast tumor evaluation [1]. 

The derivation of physiological parameters from DCE-

MRI relies on the application of appropriate 

pharmacokinetic models to describe the distribution of 

contrast media following its systemic administration [2]. 

In this study, we focused on the wide spread Tofts‟ two-

compartmental model [3]. 

A number of methods have been proposed for 

estimating tracer kinetics parameters of the Tofts‟ model 

from DCE-MRI measurements: Horsfield and Morgan 

[4,5] used an impulsive approximation of the AIF leading 

to linearization of the model equation allowing for non 

iterative least squares approach; several studies used 

iterative non-linear regression based on Levenberg-

Marquardt (LM) algorithm [6–10];one study [11] used a 

VARiable PROjection (VARPRO) algorithm; Bayesian 

methods have been also reported [12,13]. 

The specific algorithm used can affect the accuracy, the 

repeatability of the estimated parameters and the speed of 

execution. Differences among different algorithms can be 

exacerbated when the sampling period is very large as in 

breast DCE-MRI examination [14]. Moreover, 

computational times can be very long if a large region of 

interest (ROI) must be analyzed on a pixel-by-pixel basis. 

The aim of this study was to evaluate, by means of a 

simulation, the performances in terms of accuracy, 

repeatability and computational times of different 

algorithms for Least Squares (LS) based estimation of 

tracer kinetics parameters in breast DCE-MRI. The 

characteristics of the simulated data were typical of a 

breast examination. We compared the performances of 

four algorithms: two non-iterative (the first was described 

in [4] and the second is an extension of [4] using a linear 

approximation of AIF), and two iterative (LMand 

VARPRO). The repeatability was evaluated with respect 

to the Cramer-Rao theoretical Lower Bounds (CRLB).  

Results on a real breast examination have been also 

reported. The paper is organized as follows: first, we 

briefly recapitulate the equations of two-compartmental 

modelling; second, we describe the four algorithms 

examined; third, we briefly recall the main equations for 

CRLB; fourth, we describe the simulations used for 

assessing the performances. Finally, we present results on 

real data. 

 

II. MATERIALS AND METHODS 
 

A. Tracer kinetics modeling 
In this study we modeled the time course of CA 

concentration within the tissue using equation (1) [3]: 
 

Ct(t) =Cp(t)*K
trans

e
−kept     

(1) 

obtained resolving this the following differential equation: 
 

Ct (t) 

dt
 = K

trans
Cp(t)−kepCt(t)    (2) 

where Ct(t) is the CA concentration at time t within the 

voxel of interest; Cp(t) is the CA concentration within the 

plasma (AIF); K
trans 

is the volume transfer constant from 

plasma to Extracellular-Extra vascular Space (EES); kep is 

the diffusion rate constant from EES to plasma. The ratio: 
 

K
trans

/ kep= ve ∈(0,1)     (3) 
 

is the volume fraction occupied by EES. 

B. AIF modeling 
The AIF measurement is a critical issue in DCE-MRI. 

Several ways for AIF measurement have been proposed 

[10, 15, 16]. In the present study we will assume that a 

population based AIF is used. Equation (4) describes a 

computationally efficient version (proposed by [17]) of a 



 
 
 

Copyright © 2014 IJECCE, All right reserved 

912 

International Journal of Electronics Communication and Computer Engineering 

Volume 5, Issue 4, ISSN (Online): 2249–071X, ISSN (Print): 2278–4209 

 

population based AIF, which was recently measured by 

[16]: 

Cp(t) = AB*t*e
−μ

B
t
+AG(e

−μ
G

t
−e

−μ
B

t
)   (4) 

The parameters AB; AG; μB; μG have been estimated by 

[17] and have been reported for convenience in section 

2.6. 

C. Non iterative algorithms  

1) Impulsive approximation of AIF 
Horsfield and Morgan [4], on the basis of the work by 

Eterovic et al [5], proposed a non iterative approach for 

parameters estimation. Equation (1) can be written in a 

recursive form (5): 

 Ct (n) =Ct(n−1)E +K
trans 

 Cp(τ)e−kep (nΔt−τ)dτ
(n−1)Δt 

nΔt
  (5) 

where Ct(n)=Ct (nΔt), Cp(n)=Cp(nΔt), n = 1, : : :,N and 

E=e
−k

ep
Δt

. Using an impulsive approximation of AIF, 

equation(6) is derived: 

Ct (n) =Ct(n−1)E +K
trans

ΔtCp(n)    (6) 

from which K
trans 

and E can be estimated by means of 

conventional non-iterative Least-Squares (LS). This 

algorithm will be referred to as HM algorithm. In equation 

(6), E and K
trans 

Δt can be interpreted as the components of 

the projection of Ct(N)=[Ct(N), : : : ,Ct(1)]
T
 into the space 

spanned by Ct(N −1) and Cp(N)=[Cp(N), : : ,Cp(1)]
T
.  

2) Linear approximation of AIF 
A better estimate of the integral in equation (5) can be 

obtained using a linear approximation of AIF in the 

interval [(n−1)Δt, nΔt]. This gives: 

Ct(n) =Ct (n−1)E +αCp(n−1)+βCp(n)   (7) 

where αand βare given in [4]. However, Horsfield and 

Morgan did not use equation (7) for parameters estimation. 

In the present study we used equation (7) for LS estimate 

of E,αand β. An LS estimate of Ktrans can be obtained 

from equation (1) inserting the value kep= −logE=Δt. This 

algorithm will be referred to as Linear. 

The last two terms on the r.h.s. in equation (7) provide 

an improved estimate of the integral in equation (5). The 

term E can be interpreted as the component along Ct(N −1) 

of the projection of Ct(N) onto the space spanned by 

Ct(N−1), Cp(N) and Cp(N −1). From these considerations, 

the LS estimation of E is expected to be more accurate 

than in equation (6). 

3) Murase Approach 
Murase et al. propose a non iterative method obtained 

through the integration of the following differential 

equation with the assumption that the initial conditions are 

zero: 
 

d|Ct(t)−VpCp(t)dt|=K
trans

Cp(t)−kep[Ct(t)−VpCp(t)] 

Ct(n−1)E+αCp(n−1)+βCp(n)   (8) 
 

this equation is obtained from differential equation 2 when 

was included the vascular term VpCp(t) with Vp is the 

capillary plasma volume per unit volume tissue. Therefore, 

integrating the equation 8 and expressing the result in a 

discrete form yield: 

 Ct(n)=(K
trans

+kepVp)  Cp(u)du
𝑛

0
−kep Ct(u)du

𝑛

0
+VpCp(n) 

(9) 

Equation 9 can be given in a matrix form as  

C = A·B      (10) 

where 

A=  

 𝐶𝑝(𝑢)𝑑𝑢 
1

0
−  𝐶𝑡 (𝑢)𝑑𝑢

1

0
 𝐶𝑝(1)

⋮

 𝐶𝑝 𝑢 𝑑𝑢 
n

0
−  𝐶𝑡 (𝑢)𝑑𝑢

n

0
 𝐶𝑝(n)

   (11) 

B= 

𝐾𝑡𝑟𝑎𝑛𝑠 + 𝑘𝑒𝑝 · 𝑉𝑝
𝑘𝑒𝑝
𝑉𝑝

    (12) 

C= 
𝐶𝑡(1)

⋮
𝐶𝑡(n)

      (13) 

Equation 10 can be easily solved for the elements of B 

using conventional linear least - squares method. In this 

study Murase et al. generated the elements of A by 

numerical integration using trapezoidal rule. 

D. Measures of curvature 
We briefly recapitulate the theory which is extensively 

dealt with by [18-20]. Generally, in non linear regression 

theory, we consider the model vector 

μ(ϑ)=[Ct(1;ϑ),:::,Ct(N;ϑ)],where p is the number of 

estimated parameters, ϑ= [ϑ1,:::,ϑp], we denote ϑ  the 

estimated value obtained from the given measures. 

With this notation the measured data can be described ina 

N-dimensional space: 

y = μ+ε:      (14) 

We consider the p-dimensional surface in the N-

dimensional sample space Ω: 

Ω= {μ: μ=Ct(ti, ϑ); ϑ∈Σ}    (15) 

where Σis fixed range of parameters value. Since Ω 

contains all possible values of E(y), it is called the 

expectation surface. The validity of estimated parameters 

confidence interval depends on a local linear 

approximation of Ωin the neighbourhood of estimateϑ . 

Measures of nonlinearity based on the geometric 

concept of curvature are the intrinsic curvature and the 

parameters effect curvature. The normal curvature or 

intrinsic curvature, in the direction h∈ϑ is: 
 

Kh
N =

∥𝐡𝐅 N 𝐡∥

∥𝐡𝐅 ∥2      (16) 

The tangential component of the curvature or parameter 

effect curvature in the direction h ∈is: 
 

Kh
T =

∥𝐡𝐅 T𝐡∥

∥𝐡𝐅 ∥2      (17) 

where F  N  and F  Tare the normal and tangential component 

of the second derivatives matrixF =F  N+ +  F  T . To 

determine the validity of the non-linearity upon a 

particular confidence region, the curvature must be 

compared to: 
1

 F(p,N − p;α)
     (18) 

where F(p,N − p;α) is the (100−α)-th percentile of the 

Fisher distribution with p and N−p degrees of freedom. 

1) Levenberg-Marquardt algorithm 
Typically, non-linear regression of tracer kinetics models 

involves the minimization of the cost functional (21): 
 

S(θ) = (y(n) − Ct  (n, θ))2N
n=1 = ||y−Ct(θ)||

2 
 (19) 

where y = [y(1), : : : ,y(N)]
T 

represents the measured data 

and θ= [K
trans

, kep]. 
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A widely used approach for estimating the optimum θis 

the Levenberg-Marquardt (LM) algorithm, which is based 

on an approximation of the Hessian of S(θ). An exhaustive 

description of the algorithm is beyond the scope of the 

present paper and the reader is referred to [18]. LM has 

shown to be a good solution for a number of non-linear 

regression problems and is implemented in a number of 

commercial packages. To start a minimization, the user 

has to provide an initial guess for θ. As the cost function 

surface could have many local minima in the parameter 

space, the algorithm is not guaranteed to converge to the 

global minimum unless the starting estimate is close to it. 

In order to improve the convergence of LM in DCE-MRI 

scenario Ahearn et al. [6] proposed a multiple starting 

point approach which has been used in our simulation 

study. 

2) VARiable PROjection algorithm 
In equation (1), the CA tissue concentration is the 

product of K
trans

and a nonlinear function of kep: 
 

f  kep , t =   Cp(τ)e−kep (t−τ)dτ
t

0
   (20) 

Letting f(kep)=[f(kep,0),:::,f(kep,NΔt)]
T 

the cost functional 

becomes: 

S(θ) = ||y−f(kep)K
trans

||
2
    (21) 

Therefore, a separable nonlinear LS algorithm known as 

Variable Projection (VARPRO) can be used to calculate 

the kinetic parameters [18]. If we knew the estimate of the 

nonlinear parameter kep the estimate of the linear 

parameter K
trans 

could be obtained by (solving a linear LS 

problem): 

K
trans

= f(kep)
+
y     (22) 

where f(kep)
+
 is the Moore-Penrose generalized inverse 

off(kep). Therefore, a new cost functional can be 

constructed: 

S(kep) = ∥y−f(kep)f(kep)
+
y∥2

   (23) 

An exhaustive description of the algorithm is beyond the 

scope of the present paper and the interested reader is 

referred to [18]. Implementations of the VARPRO 

algorithm are available in commercial packages. 

E. Cramer-Rao Lower Bounds 
Data are subjected to measurement errors and 

consequently the estimated parameters are affected by 

error. That the covariance matrix of any unbiased 

estimator ϑ ofϑ∗, must satisfy the following equation [18]: 

Cov(ϑ ) >F
−1

     (24) 

where the Fisher Information Matrix F
−1

is given by: 

F
−1

=σ
2
(J

T
J)

−1
,      (25) 

σ
2 

denotes the variance of the measurement noise, J is the 

N×p sensitivity matrix (where p is the number of 

parameters to be estimated) evaluated at ϑ∗: 

J =
∂Ct

∂θ
|θ

∗     (26) 

The elements along the main diagonal of F
−1

 are 

thelower bounds for the variances of the parameters 

(Cramer-Rao lower bound, CRLB). 

F. Monte Carlo simulation 
In order to evaluate the performances of the different 

algorithms examined, the following procedure has been 

followed: Ct(t) curves were simulated for several values of 

the parameters θ; noise has been added on simulated 

curves; per each noisy curves parameters were estimated 

using all the algorithms. Per each simulated curve, 100 

noisy curves have been obtained using random gaussian 

noise: correspondingly, per each algorithm and per each 

parameter 100 estimates have been calculated. The bias of 

each algorithm has been evaluated calculating the 

corresponding median of the 100 estimates; likewise, the 

repeatability has been estimated using the standard 

deviation (STD) of the 100 estimates. The capability of 

each algorithm to achieve theoretical performances has 

been evaluated by means of the ratio of the STD on the 

CRLB. Finally, the number of iterations has been 

registered. For the AIF described by equation (4) the 

values reported by [17] have been used: 

AB=323mmolL
−1

min
−1

, AG=1.07mmolL
−1

, μB=20.2min
−1

, 

μG=0.172min
−1

.The parameter space was sampled as 

follows: K
trans 

varied from 0.01 to 1.5 min
−1

 (step 0.05 

min−1); ve  ranged from 0.01 to 1 (step 0.1). These ranges 

should encompass the variety of physiological conditions 

found in both normal and diseased tissues [1].The 

sampling period Δt has been fixed to 60 s which is atypical 

choice in breast DCE-MRI examination [21]; for the same 

reason the total acquisition time has been set to 9 min. The 

noise level σwas 0.09 mmolL
−1

: this level of noise was 

estimated on real data (see section 2.7). 

All numerical computations were performed in 

Matlab2007a (The Math Works, Massachusetts, USA). 

The HM and Linear algorithms have been implemented 

from scratch. As regards the LM algorithm, we used the 

function „lsqcurvefit‟ implemented in the Optimisation 

Toolbox in Matlab with options „Levenberg 

Marquardt‟=„on‟ and „LargeScale‟=„off‟. As regards the 

VARPRO algorithm, it was implemented as suggested by 

the Math works at the web-link http://www.- 

mathworks.com/support/solutions/en/data/1-18E03/. 

As suggested in [6] the starting points (K
trans

; ve) for the 

LM algorithm have been chosen as (0.50min
−1

, 

0.25),(0.50min
−1

, 0.75), (1.5min
−1

, 0.25), (1.5min
−1

, 

0.75),(1.0min
−
1,0.50): only the best estimate was retained. 

Similarly, for the VARPRO algorithm, multiple starting 

points were used converting those for LM in kep=0.7, 2.0, 

6.0 min
−1

. Formulas for the computation of the CRLB 

were obtained using Mathematica 7.0 (Wolfram Research, 

Inc., Mathematica, Champaign, IL 2008). 

G. Real Data 
In order to gain further insight into the behaviour of the 

different algorithms on clinical data, we performed an 

evaluation on one breast DCE-MRI study. A 40-year-old 

woman underwent imaging with a 1.5 T scanner 

(Magnetom Symphony, Siemens Medical System, 

Erlangen, Germany) equipped with a phased-array body 

coil. The subject had histologically proven malignant 

carcinoma. DCE T1-weighted FLASH 3-D coronal images 

were acquired (TR/TE: 9.8/4.76 ms; flip angle: 25 

degrees; field of view 330x247 mm
2
; matrix: 256x128; 

thickness: 2 mm; gap: 0; acquisition time: 56 s; 80 slices 

spanning entire breast volume). One series was acquired 

before and 9 series after intra-venous injection of 2 ml/kg 

body weight of a positive paramagnetic contrast medium 

(Gd-DOTA, Dotarem, Guerbet, Roissy CdG Cedex, 
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France). Automatic injection system was used (Spectris 

Solaris EP MR, MEDRAD, Inc.,Indianola, PA) and 

injection flow rate was set to 2 ml/s followed by a flush of 

10 ml saline solution at the same rate. Three pre-contrast 

volumes were acquired with different flip angles (7, 12 

and 25 degrees) in order to obtain T1 map for Gd 

quantification in accordance with the typical methods 

proposed in literature [22]. 

 

III. RESULTS 
 

A. Monte Carlo Simulation 
As a general consideration, the performances of 

VARPRO were higher than the other algorithms in terms 

of bias, repeatability and speed. 

Specifically, Figure 1 reports, per each point in the 

parameters space, the percentage relative error for kep of 

the estimate with respect to the true value: 
 

kep bias[%]=100 ·
𝑘𝑒𝑝 −𝑘𝑒𝑝

∗

𝑘𝑒𝑝
∗ ;    (27) 

while Figure 2 reports the same index calculated for K
trans

. 

In general, all algorithms present a certain amount of bias. 

Figure 1 shows that for kep>1.5min
−1

 (roughly 

correspondingto the region above the identity line in the 

parametersspace) all methods tend to underestimate 

kep.However, for lower kep, HM and Linear tends to 

overestimate kepwhile LM and VARPRO show a lower 

bias. These behaviours is due to the undersampling [8]. 

 
Fig.1. Monte Carlo simulation. kep  bias. (a) Horsfield and 

Morgan; (b) Linear; (c) Levenberg-Marquardt and (d) 

VARPRO. 

 

Figure 2 shows that HM, Linear and VARPRO 

underestimate K
trans

for kep>1.5min
−1

, while LM 

overestimate it. The Linear algorithm tends to 

underestimate kepin a region larger than HM. This is 

because the linear approximation „smooths‟ the AIF and 

higher frequencies (due to the bolus model) are no longer 

present in the resulting AIF. The region of the parameters 

space in which the bias can be considered „small‟ can be 

roughly evaluated counting the number of points for which 

the bias is contained within ±20%: from Table 1 VARPRO 

has the greatest area of „small‟-bias region for both kep and 

K
trans

. 

Table I: Area of the small-bias region as a [%] of the total 

space 

 HM Lin LM VARPRO 

kep 10.8 16.8 38.3 61.3 

K
trans

 21.5 17.6 15.3 61.0 
 

Figures 3 and 4 report the ratio of STD to the CRLB for 

kep and K
trans

: the ratio is reported only in the regions of the 

parameters space where the algorithms show „small‟ bias. 

VARPRO tends to achieve the CRLB (ratio lower than 5) 

in a wider region with respect to the other algorithms. The 

number of iterations of LM ranged from 1 to 45(median 

26); for VARPRO the number of iterations ranged from 1 

to 8 (median 3).  

 
Fig.2. Monte Carlo simulation. K

trans
 bias. (a) Horsfield 

and Morgan; (b) Linear; (c) Levenberg-Marquardt and (d) 

VARPRO. 
 

 
Fig.3. Ratio of STD of kepon CRLB. (a) Horsfield and 

Morgan; (b) Linear; (c) Levenberg-Marquardt and (d) 

VARPRO. 
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Fig.4. Ratio of STD of Ktrans on CRLB. (a) Horsfield and 

Morgan; (b) Linear; (c) Levenberg-Marquardt and (d) 

VARPRO. 

 

Figures 5 and 6 report the kep and K
trans

 maps  

respectively. The chosen slice contains a lesion on the 

right side of the image. The maps obtained using 

VARPRO, HM and Linear are similar to each other. The 

LM maps show several „spots‟ due to the tendency to 

overestimate parameters. In the case examined, HM and 

Linear the value of kinetic parameters are in the range of 

small bias and high reproducibility. 

 

 
Fig.5. Real data. kep maps for HM, Linear, LM and 

VARPRO. 

 

 
Fig.6. Real data. Ktrans maps for HM, Linear, LM and 

VARPRO. 

 

 

IV. DISCUSSIONS 
 

The aim of this study was to evaluate the performances 

of different LS-based algorithms for computation of tracer 

kinetics parameters in breast DCE-MRI. We compared 

two non-iterative approaches (impulsive ad linear 

approximation of the AIF) and two widespread iterative 

algorithms (LM and VARPRO). The performances were 

evaluated in terms of: kinetics parameters bias; ratio of 

STD to the CRLB; number of iterations. To this aim we 

simulated DCE-MRI data with characteristics typical of 

breast examinations (noise level, sampling time, total 

duration, range of parameters). We found that VARPRO 

has small bias and its reproducibility tends to the CRLB 

over a wider range of parameters than the other algorithms 

analyzed; moreover, the average number of iterations 

required is lower than LM. In order to gain further insight, 

real data were also analyzed. The maps obtained using 

non-iterative methods (both HM and Linear) were similar 

to those of VARPRO. However, the performances of non-

iterative methods on simulated data were poor, and they 

seem not to be adequate for application over a large range 

of parameters. 

A clear advantage of the non-iterative approach is the 

speed of execution: the resolution of the linear LS problem 

can be done efficiently with numerical algorithms. 

Horsfield and Morgan [4] proposed a non-iterative 

approach using an impulsive approximation of AIF. In 

their study, they showed that this method increases 

processing speed making online pixel-by-pixel analysis 

practical; however, they evaluated the algorithm 

performances only for two specific values of kinetic 

parameters. With respect to their study, we have tried to 

extend their approach using a linear approximation for 

AIF. Moreover, we examined the performances of the 

algorithms within a larger physiological parameters space. 

As expected, the linear approximation of the AIF in 

equation (5) improves the behavior of the HM algorithm: 

in fact, while for HM the estimates of kep and K
trans

 have 

small bias in different regions of the parameters space 

(Fig.1a and 2a), for the Linear algorithm the small-bias 

region is almost the same both for kep and K
trans

 (Fig. 1b 

and 2b).For both LM and VARPRO we used a multiple 

starting point (MSP) approach as suggested by Ahearn et 

al [6]who investigated the fitting failures of the LM 

algorithm and proposed a MSP procedure in order to 

improve results. Their study showed that using a single 

starting point produce sun safe results (the algorithm can 

be trapped by local minima) and they recommended the 

use of MSP in order to find global minima. However, our 

study shows that even using a MSP approach the LM 

algorithm can produce inaccurate estimates in a large 

region of the parameter space. 

The study by Garbow et al [11] is, as far as the authors 

knowledge, the first study using VARPRO for LS-based 

model fitting in DCE-MRI. However, in their work they 

did not systematically evaluate the performances of the 

algorithm within the parameters space. 

It should be noticed that in the present study Bayesian 

methods were not evaluated. While this approach has 
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shown to be promising [12, 13], it requires an a priori 

knowledge concerning the probability distribution of the 

parameters. As far as the authors knowledge, there is not 

yet general consensus on this point. Therefore, our 

analysis was focused on more conventional Least Squares 

approaches. 

 

V. CONCLUSIONS 
 

The results of the present study show that the specific 

algorithm used for LS model fitting affects parameters 

bias and repeatability in DCE-MRI of the breast. In 

particular, the VARPRO algorithm, using multiple starting 

points, is superior to other LS-based algorithms in several 

respects: low bias and high repeatability (approaching 

CRLB) over a wider range of parameters; high speed of 

execution thanks to the small number of iterations 

required. 
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